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Abstract. This article investigates the soft-interior (se) and the soft-cover (sc) of 
operator ideals. These operations, and especially the first one, have been widely 
used before, but making their role explicit and analyzing their interplay with the 
arithmetic mean operations is essential for the study in [10] of the multiplicity of 
traces. Many classical ideals are "soft", i.e., coincide with their soft interior or with 
their soft cover, and many ideal constructions yield soft ideals. Arithmetic mean 
(am) operations were proven to be intrinsic to the theory of operator ideals in [6l [7] 
and arithmetic mean operations at infinity (am-(X)) were studied in [10] . Here we 
focus on the commutation relations between these operations and soft operations. 
In the process we characterize the am-interior and the am-cx) interior of an ideal. 



1. Introduction 

Central to the theory of operator ideals (the two-sided ideals of the algebra B{H) of 
bounded operators on a separable Hilbert space H) are the notions of the commutator 
space of an ideal / (the linear span of the commutators TA — AT, A & I , T & B{H)) 
and of a trace supported by the ideal. In this context, the arithmetic (Cesaro) mean of 
monotone sequences first appeared implicitly in [22j, then played in |16j an explicit and 
key role for determining the commutator space of the trace class, and more recently 
entered center stage in [6[ [7j by providing the framework for the characterization 
of the commutator space of arbitrary ideals. This prompted [7] to associate more 
formally to a given ideal / the arithmetic mean ideals /„, „/, /" = {al)a (the am- 
interior of /) and /~ = a(-^a) (the am-closure of /). (See Section 2 for definitions.) 
In particular, the arithmetically mean closed ideals (those equal to their am-closure) 
played an important role in the study of single commutators in [7]. 

This paper and [TO]- [13] are part of an ongoing program announced in [9] dedicated 
to the study of arithmetic mean ideals and their applications. 

In [To] we investigated the question: "How many traces (up to scalar multiples) 
can an ideal support?" We found that for the following two classes of ideals which 
we call "soft" the answer is always zero, one or uncountably many: the soft-edged 
ideals that coincide with their soft-interior se / := IK{H) and the soft-complemented 
ideals that coincide with their soft complement sc / := / : K{H) {K{H) is the ideal 
of compact operators on H and for quotients of ideals see Section [3]). 
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Softness properties have often played a role in the theory of operator ideals, albeit 
that role was mainly implicit and sometimes hidden. Taking the product of / by 
K{H) corresponds at the sequence level to the "little o" operation, which figures so 
frequently in operator ideal techniques. M. Wodzicki employs explicitly the notion 
of soft interior of an ideal (although he does not use this terminology) to investigate 
obstructions to the existence of positive traces on an ideal (see [231 Lemma 2.15, 
Corollary 2.17]. A special but important case of quotient is the celebrated Kothe dual 
of an ideal and general quotients have been studied among others by Salinas [T9] . But 
to the best of our knowledge the power of combining these two soft operations has 
gone unnoticed along with their investigation and a systematic use of their properties. 
Doing just that permitted us in (TU] to considerably extend and simplify our study of 
the codimension of commutator spaces. In particular, we depended in a crucial way 
on the interplay between soft operations and arithmetic mean operations. 

Arithmetic mean operations on ideals were first introduced in [7] and further studied 
in [To]. For summable sequences, the arithmetic mean must be replaced by the 
arithmetic mean at infinity (am-oo for short), see for instance [H [71 [151 [23]. In [10] 
we defined am-oo ideals and found that their theory is in a sense dual to the theory of 
am-ideals, including the role of oo-regular sequences studied in [TOl Theorem 4.12]). 
In [TU] we considered only the ideals qJ, la, cind Jq^, and so in this paper we 
focus mostly on the other am and am-oo ideals. 

In Section[2]we prove that the sum of two am-closed ideals is am-closed (Theorem l2.5l) 
by using the connection between majorization of infinite sequences and infinite sub- 
stochastic matrices due to Markus [T7j. (Recent outgrowths from [ibid] from the 
classical theory for finite sequences and stochastic matrices to the infinite is one fo- 
cus of flT].) This leads naturally to defining a largest am-closed ideal /_ C /. We 
prove that /_ = a J for countably generated ideals (Theorem 12.91) while in general the 
inclusion is proper. An immediate consequence is that a countably generated ideal is 
am-closed {I = I~) if and only if it is am-stable (/ = /„) (Theorem 12. 111) . This gener- 
alizes a result from [21 Theorem 3.11]. Then we prove that arbitrary intersections of 
am-open ideals must be am-open (Theorem 12. 17p by first obtaining a characterization 
of the am-interior of a principal ideal (Lemma 12.141) and then of an arbitrary ideal 
(Corollary 12. 16p . This leads naturally to defining the smallest am-open ideal I°° D I. 

In Section [3] we obtain analogous results for the am-oo case. But while the state- 
ment are similar, the techniques employed in proving them are often substantially 
different. For instance, the proof that the sum of two am-oo closed ideals is am-oo 
closed (Theorem 13. 2p depends on a w*-compactness argument rather than a matricial 
one. 

In Section [H we study soft ideals. The soft-interior se / and the soft-cover sc / 
are, respectively, the largest soft-edged ideal contained in / and the smallest soft- 
complemented ideal containing /. The pair se / C sc / is the generic example of what 
we call a soft pair. Many classical ideals, i.e., ideals whose characteristic set is a 
classical sequence space, turn out to be soft. Among soft-edged ideals are minimal 
Banach ideals (3^°'* for a symmetric norming function 0, Lorentz ideals (</>), small 

Orlicz ideals idempotent ideals. 



SOFT IDEALS AND ARITHMETIC MEAN IDEALS 



3 



To prove soft-complementedness of an ideal we often find it convenient to prove in- 
stead a stronger property which we call strong soft-complementedness (Definition I4.4[ 
Proposition 14.51) . Among strongly soft complemented ideals are principal and more 
generally countably generated ideals, maximal Banach ideals ideals S,^, Lorentz ideals 
£(0), Marcinkiewicz ideals a{0^ ^"^^ Orlicz ideals . Kothe duals and idempotent 
ideals are always soft-complemented but can fail to be strongly soft-complemented. 

Employing the properties of soft pairs for the embedding (5^°^ C in the principal 
ideal case, we present a simple proof of the fact that if a principal ideal is a Banach 
ideal then its generator must be regular, which is due to Allen and Shen [21 Theorem 
3.23] and was also obtained by Varga |21] (see Remark I4.8( iv) and |71 Theorem 
5.20]). The same property of the embedding yields a simpler proof of part of a result 
by Salinas in fl9\ Theorem 2.3]. Several results relating small Orlicz and Orlicz ideals 
given in theorems in [7] follow immediately from the fact that L^^] C £a/ are also soft 
pairs (see remarks after Proposition I4.11( ). 

Various operations on ideals produce additional soft ideals. Powers of soft-edged 
ideals, directed unions (by inclusion) of soft-edged ideals, finite intersections and finite 
sums of soft-edged ideals are all soft-edged. Powers of soft-complemented ideals and 
arbitrary intersections of soft-complemented ideals are also soft-complemented (Sec- 
tionSj). As consequences follow the softness properties of the am and am-oo stabilizers 
of the trace-class Li (see Sections |2] (^4) and[3](^2) for the definitions) which play an 
important role in [9]- [10]. However, whether the sum of two soft-complemented ideals 
or even two strongly soft-complemented ideals is always soft-complemented remains 
unknown. We prove that it is under the additional hypothesis that one of the ideals 
is countably generated and the other is strongly soft-complemented (Theorem 15.71) . 

Some of the commutation relations between the soft-interior and soft-cover oper- 
ations and the am and am-cxD operations played a key role in [TU]. We investigate 
the commutation relations with the remaining operations in Section (Theorems 16. 
16. 4^ 16. 9t and 16.101) . As a consequence we obtain which operations preserve soft- 
complementedness and soft-edgedness. Some of the relations remain open, e.g., we 
do not know if sc = (sc/)a (see Proposition 16.81) . 

Following this paper in the program outlined in [9] will be [TT] where we clarify 
the interplay between arithmetic mean operations, infinite convexity, and diagonal 
invariance and [12] where we investigate the lattice properties of several classes of 
operator ideals proving results of the kind: between two proper ideals, at least one of 
which is am-stable (resp., am-oo stable) lies a third am-stable (resp., am-c» stable) 
principal ideal and applying them to various arithmetic mean cancellation and in- 
clusion properties (see [9, Theorem 11 and Propositions 12-14]. Example, for which 
ideals / does the la = Ja (resp., la C Ja, la ^ Ja ) imply I = J (resp., I G J, I D J) 
and in the latter cases, is there an "optimal" J? 

2. Preliminaries and Arithmetic Mean Ideals 

Calkin ^ established a correspondence between two-sided ideals of bounded op- 
erators on a complex separable infinite dimensional Hilbert space and characteristic 
sets, i.e., hereditary (i.e., solid) cones S C c* (the collection of sequences decreasing 
to 0), that are invariant under ampliations. For each m G N , the m-fold ampliation 
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Dm is defined by: 

Co 3 ^ ^ Dm^ '■= {(,1, ■ ■ ■ , ^1, ^2, ■ ■ ■ , ^2, ^3, ■ ■ ■ , ^3, ■ ■ ■) 

with each entry repeated m times. The Calkin correspondence J — > induced 
hj I 3 X s{X) e where s{X) denotes the sequence of the s-numbers of 

X, is a lattice isomorphism between ideals and characteristic sets and its inverse is 
the map from a characteristic set E to the ideal generated by the collection of the 
diagonal operators {diag^ | ^ e E}. For a sequence < ^ E Co, denote by ^* e c* 
the decreasing rearrangement of ^, and for each ^ G c* denote by {^) the principal 
ideal generated by diag^, so that (s(X)) denotes the principal ideal generated by 
the operator X G K{H) (the ideal of compact operators on the Hilbert space H). 
Recall that rj G E((^)) precisely when rj = 0{DmC} fo^' some m. Thus the equivalence 
between ^ and x if ^ = 0(77) and rj = 0(^)) is only sufficient for (^) = (rj). 
It is also necessary if one of the two sequences (and hence both) satisfy the A1/2- 
condition. Following the notations of [23], we say that ^ satisfies the Ai/2-condition if 
sup ^ < 00, i.e., = O(^), which holds if and only if DmC, = O(^) for all m G N. 

Dykema, Figiel, Weiss and Wodzicki [HI Ej showed that the (Cesaro) arithmetic 
mean plays an essential role in the theory of operator ideals by using it to characterize 
the normal operators in the commutator space of an ideal. (The commutator space 
[/, B{H)] of an ideal /, also called the commutator ideal of /, is the span of the 
commutators of elements of / with elements of B{H)). This led them to introduce and 
study the arithmetic mean and pre-arithmetic mean of an ideal and the consequent 
notions of am-interior and am-closure of an ideal. 

The arithmetic mean of any sequence r] is the sequence rja := ( ^ Yl^=i Vi)- For 
every ideal I, the pre-arithmetic mean ideal al and the arithmetic mean ideal la are 
the ideals with characteristic sets 

E(,/) = {e e c: I e E(J)} 

S(/J = {^ecl\^ = Oiri) for some r] G E(J)}. 

A consequence of one of the main results in [7, Theorem 5.6] is that the positive 
part of the commutator space [I,B{H)] coincides with the positive part of the pre- 
arithmetic mean ideal q/, that is: 

[i,B{Hr = {jr 

In particular, ideals that fail to support any nonzero trace, i.e., ideals for which 
/ = [I,B{H)], are precisely those for which I = al (or, equivalently, / = la) and 
are called arithmetically mean stable (am-stable for short). The smallest nonzero 
am-stable ideal is the upper stabilizer of the trace-class ideal £1 (in the notations of 

IZJ) 

00 00 

st^L,) := [j{uj)ar^= IJl^log'") 

m=0 m=0 

where u = (l/n) denotes the harmonic sequence (see [TUl Proposition 4.18]). There is 
no largest proper am-stable ideal. Am-stability for many classical ideals was studied 
in [3 Sections 5.11-5.27]. 
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Arithmetic mean operations on ideals were introduced in [71 Sections 2.8 and 4.3] 
and employed, in particular, in the study of single commutators [H Section 7]: the 
arithmetic mean closure /~ and the arithmetic mean interior 1° of an ideal / are 
defined respectively as I~ := a{Ia) and 1° := {al)a- The following 5-chain inclusion 
holds: 

c r c / c /- c 4 

Ideals that coincide with their am-closure (resp., am-interior) are called am-closed 
(resp., am-open), and /~ is the smallest am-closed ideal containing I (resp., 1° is the 
largest am-open ideal contained in /). We list here some of the elementary properties 
of am-closed and am-open ideals, and since there is a certain symmetry between them, 
we shall consider both in parallel. 

An ideal / is am-closed (resp., am-open) if and only if J = (resp., / = Jo) 
for some ideal J. The necessity follows from the definition of /~ (resp., 1°) and the 
sufficiency follows from the identities la = {a{Ia))a and qJ = a((a-^)a) that are simple 
consequences of the 5-chain of inclusions listed above. 

The characteristic set S(£i) of the trace-class ideal is ^\, the collection of monotone 
nonincreasing nonnegative summable sequences. It is elementary to show Li = a(t^), 
£■1 is the smallest nonzero am-closed ideal, (u) = Fa = {^i)a, and so (tu) is the 
smallest nonzero am-open ideal [F denotes the finite rank ideal.) 

In terms of characteristic sets: 

S(/-) = {^Ec:\^a<Va for some r] E S(/)} 

S(/°) = {^ecl\^<7]ae S(/) for some r] E c*} 

Here and throughout, the relation between sequences "<" denotes pointwise, i.e., for 
all n. The relation ~< tj defined by ^a < Va is called majorization and plays an 
important role in convexity theory (e.g., see [I7l[18]). We will investigate it further 
in this context in [11] (see also [9]). But for now, notice that / is am-closed if and 
only if S(/) is hereditary (i.e., solid) under majorization. 

The two main results in this section are that the (finite) sum of am-closed ideals is 
am-closed and that intersections of am-open ideals are am-open. These will lead to 
two additional natural arithmetic mean ideal operations, J_ and I°°, see Corollary l2.6l 
and Definition 12.181 

We start by determining how the arithmetic mean operations distribute with re- 
spect to direct unions and intersections of ideals and with respect to finite sums. 
Recall that the union of a collection of ideals that is directed by inclusion and the 
intersection of an arbitrary collection of ideals are ideals. The proofs of the fol- 
lowing three lemmas are elementary, with the exception of one of the inclusions in 
Lemma I2.2( iii) which is a simple consequence of Theorem 12.171 below. 

Lemma 2.1. For {F/,--/ eT} a collection of ideals directed by inclusion: 

(i) a{[j,I,)=[j,a{I,) 

(ii) (U,A)a = U,(A)a 

(iii) UAr = u,(Ar 

(iv) UA)- = U,(A)- 
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(v) If all are am-stahle, (resp., am-open, am-closed) then[J^I^ is am-stable, (resp., 
am-open, am-closed). 

Lemma 2.2. For {I^, 7 G F} a collection of ideals: 

(i) a(aA) = n,a(A) 

(ii) {f]^I'y)a C f]^{F/)a (inclusion can be proper by Example \2.4^ i)) 

(iii) In^L/Y = r\^{L,y (equaUty holds by Theorem \2Jl^ 

(i^) (1^7-^7)" ^ n7(-^7)~ (inclusion can be proper by Example \2.4\f i)) 
(v) If all are am-stable, (resp., am-open, am-closed) then Cl^I-y is am-stable, 
(resp., am-open, am-closed). 

Lemma 2.3. For all ideals I , J: 

(i) 4 + J, = (/ + J), 

(ii) + aJ ai^ + J) (the inclusion can be proper by Example \2.4^ ii)) 

(iii) 1° + J" G {I + J)° (the inclusion can be proper by Example \2.4^ ii)) 

(iv) I^ + C (/ + J)^ (equality is Theorem \2.5\) 

(v) // / and J are am-open, so is I + J. 

Example 2.4. (i) In general, equality does not hold in Lemma lKW ii) or, equivalently, 
in (iv) even when T is finite. Indeed it is easy to construct two nonsummable sequences 
^ and rj in cl such that min(^, ry) is summable. But then, as it is elementary to show, 
(0 ^ iv) = (Kiiii(^) ''?)) ^'iT'd hence ((^) fl {ri))a = (uj) while 

the inclusion since oj = o{C,a), oj = o{rja), hence oj = o(min(,^a, r/^)), and the inequality 
since u satisfies the A1/2- condition and then equality leads to a contradiction. 

(ii) In general, equality does not hold in Lemma lEW ii) or (iii). Indeed take the 
principal ideals generated by two sequences ^ and rj in c* such that ^ + rj = uo but 
uj 7^ O(^) and uj 7^ 0{ri), which implies that 

aiO = air]) = {0} ^ £1 = aiuj) = aiiO + i^))- 

The same example shows that 

(o°+(^r = {o}7^(c.) = ((o + (^)r- 

That the sum of finitely many am-open ideals is am-open (Lemma I2.3( v)). is an 
immediate consequence of Lemma l2.3( iii). Less trivial is the fact that the sum of 
finitely many am-closed ideals is am-closed, or, equivalently, that equality holds in 
Lemma l2.3( iv). This result was announced in The proof we present here ex- 
ploits the role of substochastic matrices in majorization theory (jTTj, see also |llj). 
Recall that a matrix P is called substochastic if Pij > 0, X^i^i ^ij — 1 J 
and Yl'jLi Pij ^ 1 for 3-11 ^- By extending the well-known result for finite sequence 
majorization (e.g., see [18j), Markus showed in [17i Lemma 3.1] that if rj, ^ G c*, 
then rja < if and only if there is a substochastic matrix P such that rj = P^. 
Finally, recall also the Calkin ^ isomorphism between proper two sided ideals of 
B{H) and ideals of ioo that associates to an ideal J the symmetric sequence space 
S{J) defined by S{J) := {ri E Co \ diagr/ G J} (e.g., see |5] or [71 Introduction]). It 
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is immediate to see that S{J) = {i] E Co \ \ri\* G S(J)} and that for any two ideals, 
S{I + J) = S{I) + S{J). 

Theorem 2.5. (/ + J)^ = + for all ideals I, J. 

In particular, the sum of two am-closed ideals is am-closed. 

Proof. The inclusion I^+J^ C (/+ J)^ is elementary and was stated in Lemma lT^ iv). 
Let I e S((J + J)-), then e + J)a) so that < (p + v)a for some p e 
and ?7 G S(J). Then by Markus' lemma [I7l Lemma 3.1], there is a substochastic 
matrix P such that ^ = P{p + rj). Let 11 be a permutation matrix monotonizing 
Pp, i.e., {Ppy = nPp, then HP too is substochastic and hence by the same re- 
sult, {{Pp)*)a < Pa, i-e., (Pp)* G or equivalently, Pp G S{I^). Likewise, 
Pt] G S{J-), whence ^ e S(J-) + S{J') = S{r + J") and hence ^ e + J"). 
Thus (/ + J)^ C /~ + concluding the proof. □ 

As a consequence, the collection of all the am-closed ideals contained in an ideal / 
is directed and hence its union is an am-closed ideal by Lemma [2.1( v). 

Corollary 2.6. Every ideal I contains a largest am-closed ideal denoted by which 
is given by 

I := [^{J \ J C I and J is am-closed}. 

Thus G I G and / is am-closed if and only if one of the inclusions and hence 
both of them are equalities. Since C / and is am closed, C The inclusion 
can be proper as seen by considering any am-closed but not am-stable ideal /, e.g, 
/ = £i where ai'^i) = {0}. If equality holds, we have the following equivalences: 

Lemma 2.7. For every ideal I , the following conditions are equivalent. 

(i) I = J 

(ii) If J G I for some ideal J, then J G „/. 

(iii) If G I for some ideal J, then Ja G I. 

(iv) If aJ G I for some ideal J, then J° G I. 

We leave the proof to the reader. Notice that the converses (ii)-(iv) hold trivially for 
any pair of ideals I and J. 

Theorem 12.91 below will show that for countably generated ideals the equality = 
/_ always holds, i.e., qJ is the largest am-closed ideal contained in /. 

We first need the following lemma. 

Lemma 2.8. If I is a countably generated ideal and £1 C /, then (uj) G I. In 
particular, (uj) is the smallest principal ideal containing £-1. 

Proof. Let p^'^^ be a sequence of generators for the characteristic set i.e., for 

every ^ G there are m, /c G N for which ^ = 0(DmP*-^^)- By adding if necessary 
to this sequence of generators all their ampliations and then by passing to the sequence 
p{i) _|_ p(2) _|_ . . . _|_ pik)^ gg^j^ assume that p*^'^^ < p('^+^) and that then ^ G if and 
only if ^ = ©(p*^™-*) for some m G N. Thus if ^ there is an increasing sequence 
of indices Uk such that (-po)nfc ^ foi' all > 1. Set Uo := and define := 
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for rik^i < j <nk and A; > 1. Then it is immediate that ^ G On the other hand, 
^ 7^ 0{p^™'^) for any m G N since for every k > m, 



and hence ^ ^ against the hypothesis Li C /. □ 

Theorem 2.9. If I is a countahly generated ideal, then J_ = al ■ 

Proof. Let r/ G Then (77)" G I- <Z I. We claim that r^^ G i.e., /_ C al 

and hence equahty holds from the maximality of /_. If 7^ G then (77) ^ = Li, 
hence by Lemma 12. 8[ {uj) C / and thus rja 00 E If rj ^ il, assume by 

contradiction that rja ^ As in the proof of Lemma [2.81 choose a sequence of 

generators p^^"* for with p^^'^ < p('^+^) and such that for every ^ G there is 
an m G N for which ^ = ©(p*^™'^). Then there is an increasing sequence of indices 
Uk such that {^fj)nk ^ ^ every k. Exploiting the non-summability of 77 we can 

further require that ^i^-nk-i S"=«fc^i+i ^» - K'^a)"* ^^^^^ ^- •= ^ ^"^"^ 

define = {r]a)nk for ^fc-i < j < ^fc- We prove by induction that {^a)j < (2r?a)j- 
The inequality holds trivially for j < ni and assume it holds also for all j < n^^i. If 
^fc-i < J < "^fe; it follows that 

i 



< 2nk-i{r]a)nk-i + (j - nk-i){r]a) 

<2$:,.+2A^^ 

— ^ nu — Til,.! 

1=1 J=nfc_i-I-1 

<2^r/, + 2 5^ r?, = 2j(r/a), 

where the last inequality follows because Si=n+i monotone nonincreasing in 
j for j > n. Thus S, G C On the other hand, for every m G N and 

A; > (^)nfc > (^)nfc = (^)nfe > k and thus ^ ^ S(J), a contradiction. □ 



By Theorem 12.51 /_ + J_ is am-closed for any pair of ideal / and J and it is 
contained in / + J. Hence I- + J- C (/ + J)^ and this inclusion can be proper by 
Theorem 12.91 and Example I2.4( ii) . 

Corollary 2.10. If I is a countahly generated ideal, then la is the smallest countahly 
generated ideal containing 

Proof. By the five chain inclusion, /~ C la and if /~ C J for some countahly generated 
ideal J, then I^ C J- = aJ and hence la = il^)a C J° C J. □ 

As a consequence of Theorem 12.91 we obtain also an elementary proof of the follow- 
ing, which was obtained for the principal ideal case by [2, Theorem 3.11]. 
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Theorem 2.11. A countably generated ideal is am-closed if and only if it is am-stable. 

Proof. If / is a countably generated am-closed ideal, then 1 = 1^ and hence I = al 
by Theorem I2.9[ i.e., / is am-stable. On the other hand, every am-stable ideal is 
am-closed by the five chain inclusion. □ 

£■1 is an example of a non countably generated ideal which is am-closed (and also 
am-oo closed) but is neither am-stable nor am-oo stable. 

Now we pass to the second main result of this section, namely that the intersection 
of am-open ideals is am-open (Theorem 12.171) . To prove it and to provide tools for 
our study in Section E] of the commutation relations between the se and sc operations 
and the am-interior operation, we need the characterization of the am-interior 1° 
of an ideal I given in Corollary 12.161 below. This in turn will lead naturally to a 
characterization of the smallest am-open ideal I°° containing / (Definition 12.181 and 
Proposition 12.211) . Both characterizations depend on the principal ideal case. 

As recalled earlier, an ideal I is am-open if / = for some ideal J (e.g., J = I~ = 
a{Ia))- In terms of sequences, / is am-open if and only if for every ^ G S(-^); one has 
^ ^ Va ^ ^(-^) for some rj G c*. Remark l2.15( iii) show that there is a minimal rja > ^. 
First we note when a sequence is equal to the arithmetic mean of a c*-sequence. The 
proof is elementary and is left to the reader. 

Lemma 2.12. A sequence ^ is the arithmetic mean rja of some sequence rj & c*^ if 
and only if < ^ ^ and - is monotone nondecreasing and concave, i.e., (-)n+i > 
U(i)n + for all n In and 6 = (5)i > U^h- 

It is elementary to see that for every rj G c*, {rj)a = {rja) and that rja satisfies the 
Ai/2-condition because rja < D^rja < "^^7a for every m G N. In particular, all the 
generators of the principal ideal {jja) are equivalent. 

Lemma 2.13. If I is a principal ideal, then the following are equivalent. 

(i) / is am-open 

(ii) / = {jja) for some rj & 

(iii) / = (^) for some ^ G c* for which £ is monotone nondecreasing. 

Proof, (i) -v^ (ii). Assume that / = (^) for some ^ G c* and that / is am-open 
and hence I = Ja for some ideal J. Then ^ < rja for some rja G S(J) and hence 
rja < MDmi for some M > and m G N. Since rja x DmTja, it follows that i rja 
and hence (ii) holds. The converse holds since {jja) = {rj)a- 

(ii) =^ (iii) is obvious. 

(iii) =^ (ii). ^ is quasiconcave, i.e., £ is monotone nondecreasing and uo^ is mono- 
tone nonincreasing. Adapting to sequences the proof of Proposition 5.10 in Chapter 2 
of [1] (see also [TJ Section 2.18]) shows that if is the smallest concave sequence that 
majorizes ^, then ^ — ^ — ^5 ^-^id hence x Moreover, ipi = = (5)i since 
otherwise we could lower ipi and still maintain the concavity of ip. And since the 
sequence — is concave and — > - , it follows by the minimality of ih that ib < — 
and so, in particular, ipi = ii> ^ip2- Since ip is concave and nonnegative, it follows 
that it is monotone nondecreasing. But then, by Lemma [2.121 applied to uip, one has 

= Va for some sequence rj E cl and thus (^) = (uip) = (rja). □ 
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We need now the following notations from [T, Section 2.3]. The upper and lower 
monotone nondecreasing and monotone nonincreasing envelopes of a real-valued se- 
quence are: 

und := ( max 0j ), lnd0 := ( inf uni := ( sup 0j ), lni0:=(min(; 

\ i<n I \ i>n I \ j>jj / \ i<n 

Lemma 2.14. For every ^ G c*.' 

(i) (0''=(a;lndi) 

(ii) (tuund^) is the smallest am-open ideal containing {^). 

Proof, (i) We first prove that u Ind ^ is monotone nonincreasing. Indeed, in the case 
when (lnd^)„ = (lnd^)„+i, then (ti^lnd ^)„4.i < (cjlnd^)^, but if on the other hand 
(lnd^)„ 7^ (lnd^)„+i, then (lnd5)n = (^)n and hence also 

(u;lnd-)„+i < < ^„ = (u;lnd-)„. 

UJ UJ 

Moreover, u Ind - ^ since uo Ind^ < ^. Thus (cjlnd^) C (0- By Lemma ElSl^i) 
and (iii), (cjlnd-) is am-open and hence (a; Ind-) C (^)°. For the reverse inclusion, 
if /i G then fx < (a for some (a e i.e., Ca < MDmi for some M > 

and m G N. Then D^Ca < ""^Ca < ^MD^i, whence ^ < mM^. As ^ is monotone 
nondecreasing, also — < mM Ind - so that u < mMu; Ind-. Thus C (wind-). 

(ii) A similar proof as in (i) shows that tuund^ G c*. Since by definition 
^ < cijund-, we have that (^) C (cjund-), and the latter ideal is am-open by 
Lemma 12. 131 If / is any am-open ideal containing (^), then ^ < (a for some 
(a G S(/) and again, since — is monotone nondecreasing, cjund- < (a, hence 
(cjund^)c/. □ 



Remark 2.15. (i) Lemma 2.14(i) shows that the am-interior {^)° of a principal 
ideal (^) is always principal and its generator uj lad - is unique up to equivalence by 
Lemma \2.13\ and preceding remarks. Notice that (u) being the smallest nonzero am- 
open ideal, (^)° = {0} if and only if {u) (f. (^). In terms of sequences, this corresponds 
to the fact that that Ind ^ = ^ if o-nd only if (lu) ^ (0- 

(ii) While {uulnd ^) is the largest am-open ideal contained in (^) by Lemma 2.14(i), 
it is easy to see that there is no (pointwise) nonzero largest arithmetic mean sequence 
majorized by ^ unless ^ is itself an arithmetic mean. However, there is an arithmetic 
mean sequence rja majorized by ^ which is the largest in the 0-sense (actually up 
to a factor of 2). Indeed, let ip be the smallest concave sequence that majorizes the 
quasiconcave sequence |lnd^. Then, as in the proof of Lemma \2.13\ (iii) =^ (ii), 
■0 = ^ for some rj E and ip < Ind ^ and hence rja < ^. Moreover, for every p G 
with Pa < C,, since ^ is monotone nondecreasing, it follows that ^ < Ind ^ < 2^ 
and hence pa < Irja. 

(iii) Lemma l2.14^ ii) shows that (tuund^) is the smallest am-open ideal containing 
{^), and moreover, from the proof of Lemma \2. 13\( iii) we see that (cjund^) = (rja) 
where ^ is the smallest concave sequence that majorizes the quasiconcave sequence 
und-. In contrast to (ii), rja is also the (pointwise) smallest arithmetic mean that 
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majorizes S,- Indeed, if Pa ^ ^ then ^ > und ^ because ^ is monotone nondecreasing 
and moreover £2. > ZZs. because — is concave. 

(iv) By [71 Section 2.33], culnd- is the reciprocal of the fundamental sequence of 
the Marcinkiewicz norm for a(0- 

Corollary 2.16. For every ideal I: 

(i) = e c* I unnd^ E S(J)} = g c* | ^ < culnd^ for some ri E 

(ii) /// is an am-open ideal, then ^ E if and only if unnd^ E 

Proof If ^ G then (^) C (co'und5) C 1° by Lemma , whence tuund^ G 

If w und I G then ^ < cjund^ = lnd(^^^^^). Finally if ^ < culnd^ 

for some rj E then cjlnd- G T,{{ri)°) C S(J°) by Lemma l2.14( i) and hence 

C, E Thus all three sets are equal. This proves (i) and (ii) is a particular 

case. □ 

An immediate consequence of Corollary 12. 16( ii) is the following result. 

Theorem 2.17. Intersections of am-open ideals are am-open. 

Since I G la, the collection of all am-open ideals containing / is always nonempty. 
By Theorem 12.171 its intersection is am-open, hence it is the smallest am-open ideal 
containing /. 

Definition 2.18. For each ideal I , denote I°° := ^{J | J D / and J is am-open}. 



Remark 2.19. Lemma \2. 14\ affirms that if I is principal, so are 1° and /°°. 

Notice that 1° E I d I°° and / is am-open if and only if one of the inclusions and 
hence both of them are equalities. Since / C and la is am-open, I°° C la- The 
inclusion can be proper even for principal ideals. Indeed if ^ G c* and S,a is irregular, 
i.e., 7^ then / = {S,a) is am-open and hence / = /°°, but la = (^a^) 7^ 

= /°°. Of course, if / is am-stable then I = I°° = /„, and if {0} ^ / C £1 then 
{uj) = I°° = la, but as the following example shows, the equality I"° = la can hold 
also in other cases. 

Example 2.20. LetC,j = /or ((A;— 1)!)^ < j < (^0^- Then direct computations show 
that ^ is irregular, indeed does not even satisfy the A1/2- condition, is not summable, 
but ^a = 0(0; und ^) and hence by Lemma \2.14\ (ii), = (Oa- 

The characterization of J°° = (cjund^) provided by Lemma [2.14( ii) for principal 
ideals J = (^) extends to general ideals. 

Proposition 2.21. For every ideal I , the characteristic set of I°° is given by 

Y.ir") = \iEc*\i<u\ind - for some r] E 

Proof. Let S = G c* | ^ < cjund^ for some 77 G S(J)}. First we show that S 
is a characteristic set. Let G S, i.e., ^ < cjund- and p < cjund- for some 
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ri,fi E Since uund^ + cuund^ < 2co'2±ii and t] + E it follows that 

^ + p G S. Moreover, if ^ < tuund ^, then for all m, 

Dm^ < Drn^Dm und — = D„iUi! und -Dm— < "^"^ und — ^ 
u; C(j a; 

and hence D^i G S, i.e., S is closed under ampliations. Clearly, E is also closed under 

multiplication by positive scalars and it is hereditary. Thus S is a characteristic set 

and hence S = S(J) for some ideal J. Then J D I follows from the inequality 

^ < cjund^. If ?7 G S(J), i.e., rj < cuund^ for some ^ G S(J), then also u;und£ < 

cuund ^ and hence tuund ^ G S( J). By Corollary 12. 161 this implies that J is am-open 

and hence J D For the reverse inclusion, if 77 G S(J), i.e., rj < tuund £ for some 

^ G S(/), then wund J G C by Lemma EH^ii). Thus t] G 

hence J C /°°, and we have equality. □ 

As a consequence of this proposition and by the subadditivity of "und" , we see that 
(/ + J)°° = J°° + J°« for any two ideals / and J. 

For completeness' sake we collect in the following lemma the distributivity proper- 
ties of the I°° and /_ operations. 

Lemma 2.22. For all ideals I , J: 

i) r° + J°° = (/ + jy° (paragraph after Proposition \2^M) 

ii) /_ + J_ C (/ + J)_ and the inclusion can he proper (remarks after Theorem \2.9\) . 
Let G F} 6e a collection of ideals. Then 

iii) ([^7-^7)°° n7(-^7)°° (^^^ inclusion can be proper by Example \2.23( i)) 

iv) (n^ A)- = n^lA)- (by Lemma\mv)) 
If {I^,'~f G F} is directed by inclusion, then 

v) (U7 = UjiQ"" (by LemmalKMv)) 

vi) (^7-^7)- ^ U7(A)- (^^^ inclusion can be proper by Example \2. 23\( ii)) 
Example 2.23. 

(i) The inclusion in (iii) can be proper even if T is finite. Indeed for the same con- 
struction as in Example \2.4]f i), ((0 ^ = (min(^, 77))°° = (cj) since mm{^, rj) is 
summable, while u = o{uj und ^) and uj = o{uj und ^) since ^ and rj are not summable. 
Thus UJ = ofminftuund -, cjund ^)) and hence 

(u) t (^cuund^^ n (^cuund^^ = (0°° H (r/)"" 

(ii) The inclusion in (vi) can be proper. £1 as every ideal with the exception 0/ {0} 
and F , is the directed union of distinct ideals J7. Since Li is the smallest am-closed 
ideal, (I-y)- = {0} for every 7. Thus Li = (|J^ J^)_ while [J^(/^)_ = {0}. 

3. Arithmetic Mean Ideals at Infinity 

The arithmetic mean is not adequate for distinguishing between nonzero ideals 
contained in the trace-class since they all have the same arithmetic mean (u) and the 
same pre-arithmetic mean {0}. The "right" tool for ideals in the trace-class is the 
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arithmetic mean at infinity which was employed for sequences in [H [Tj [15], [23] among 
others. For every summable sequence t], 



n 

n+l 



^ oo 



Many of the properties of the arithmetic mean and of the am-ideals have a dual form 
for the arithmetic mean at infinity but there are also substantial differences often 
linked to the fact that contrary to the am-case, the arithmetic mean at infinity 
of a sequence & il niay fail to satisfy the A1/2 condition and also may fail to 
majorize ^ (in fact, ^^oo satisfies the A1/2 condition if and only if ^ = O(^a^), see [TOl 
Corollary 4.4]). Consequently the results and proofs tend to be harder. 

In |TU] we defined for every ideal / 7^ {0} the am-00 ideals ^^J (pre-arithmetic 
mean at infinity) and J^^ (arithmetic mean at infinity) with characteristic sets: 

S(a^/) = {^e£l I G S(/)} 

S(4^) = {e G c: I e = Oir^aJ for some r/ G S(/ n £1)} 

Notice that = o{uj) for all ^ G £p Let se(ci;) denote the ideal with characteristic 
set G c* I ^ = o{uj)} (see Definition 14.11 for the soft-interior se/ of a general ideal 
J). Thus 

a^I = ao.{lnse{uj)) C and = (/ n £i)a^ C se(w). 

In p!Ol Corollary 4.10] we defined an ideal I to be am-cx) stable if / = (or, 
equivalently, if J C £ji and / = /aoo)- There is a largest am-00 stable ideal, namely 
the lower stabilizer at infinity of £1, sta^(£ji) = fXr^Qa^i'^i), which together with 
the smallest nonzero am-stable ideal st"(£ji) defined earlier plays an important role 
in yLQj. 

Natural analogs to the am-interior and am-closure are the am-cxD interior of an ideal 

/ 

/''~:=(a^/)a^ = (/nse(^))''- 
and the am-00 closure of an ideal I 

:= a^(/a^) = (/n£i)-°°. 

We call an ideal / am-00 open (resp., am-00 closed) if / = J°°° (resp., / = 

In [TOl Proposition 4.8] we proved the analogs of the 5-chain of inclusions for am- 
ideals (see Section [2] paragraph 5 and [10, Section 2]): 

a^/cr°^C/nse(a;) 

and 

and the idempotence of the maps / — > I°°° and / a consequence of the more 

general identities 

a^o^ ~ loo ((aoo-^)aoo) and la^o — (ooo (-^Qoo ) )aoc. • 

Thus, like in the am-case, an ideal / is am-open (resp., am-00 closed) if and only 
if there is an ideal J such that / = J^^ (resp., / = a^J)- As (^i)a^ = se(ci;) and 
se(u;) = £1 (see [lOl Lemma 4.7, Corollary 4.9]), se(co') and £1 are, respectively. 
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the largest am-oo open and the largest am-cx) closed ideals. The finite rank ideal F is 
am-oo stable and hence it is the smallest nonzero am-cx) open ideal and the smallest 
nonzero am-cxo closed ideal. Moreover, every nonzero ideal with the exception of F 
contains a nonzero principal am-cxo stable ideal (hence both am-cxD open and am-cxo 
closed) distinct from F [12]. Contrasting these properties for the am-oo case with 
the properties for the am case, [u) is the smallest nonzero am-open ideal, while £i 
is the smallest nonzero am-closed ideal, and every principal ideal is contained in an 
am-stable principal ideal (hence both am-open and am-closed) and so there are no 
proper largest am-closed or am-open ideals. 

We leave to the reader to verify that the exact analogs of Lemmas 12.11 12.21 and 
12.31 hold for the am-cxo case. Here Theorem 13.21 plays the role of Theorem 12.51 for 
the equality in Lemma I2.3( iv) and Theorem 13.111 plays the role of Theorem 12.171 for 
the equality in Lemma [2.2( iii). The same counterexample to equality in Lemma [2.21 
(ii) given in Example I2.4( i) provides a counterexample to the equality in the analog 
am-oo case: by ^ Lemma 4.7], ((0 n (r/))^^ = (min(^, r/))^^ = ((min(^, r/))^^) 
while {C,)aao = {v)a^ = se{uj). The counterexample to the equality in Lemma [2.3( iii) 
and hence (ii) given in Example I2.4( ii) provides also a counterexample to the same 
equalities in the am-cxD analogs, but we postpone verifying that until after Lemma 

m 

The distributivity of the am-oo closure over finite sums, i.e., the am-oo analog of 
Theorem 12.51 also holds, but for its proof we no longer can depend on the theory of 
substochastic matrices. Instead we will use the following finite dimensional lemma 
and then we will extend it to the infinite dimensional case via the w* compactness of 
the unit ball of ii. 

Lemma 3.1. Let ^,77, and fi G [0, 00)" for some n G N. If for all 1 < k < n, 
J2j=i Vj + J2j=i f^j — X]j=i ^j' ^^^'^ there exist fj and jl G [0, 00)" for which ^ = fj + jl, 
Ej=i^j < Ej=i%. (^nd Y.''j=i^^j < Ej=i/^i for alll<k<n. 

Proof. The proof is by induction on n. The case n = 1 is trivial, so assume the 
property is true for all integers less than equal to n — 1. Assume without loss of 
generality that X]j=i ^ ^ ^'^^ all 1 < < n and let 

7 = max — i , 

which maximum 7 < 1 is achieved for some k. Then 

mm m 

+ <l^^j foralll<m<fc, 

j=i j=i j=i 

with equality holding for m = k, so also 

mm m 

— ^ for all /c -|- 1 < m < n. 

j=k+l j=k+l j=k+l 

Thus if we apply the induction hypothesis separately to the truncated sequences 
7^X[i,fc], VXliM and fiX[i,k] and to 7^X[/c+i,n], r]X[k+i,n], and /iX[fc+i,n] we obtain that 
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liX[i,k] = p + cr for two sequences p,cr E [0,00)^^ for which J2f=iVj ^ SjLiPj 
and YlJLif^j ^ X]j=i aA\ 1 < m < k. Similarly 7^X[fc+i,n] = p' + cr' for two 

sequence p\a' G [0, oo)""^ and Y.T=k+iVj < Y.T=k+iP'j^ E7=fc+i/^i ^ EJLfc+i 
all + 1 < m < n. But then it is enough to define fj = ^{p, p') and jl = ^{p, p') and 
verify that it satisfies the required condition. □ 

Theorem 3.2. (/ + J)-^ = /-°° + J'°° for all ideals I, J. 

In particular, the sum of two am-00 closed ideals is am-00 closed. 

Proof. Let i G S((/ + J)— ), i.e., < {v + p)a^ = Va^+Pa^ for some r/ G S(/n£i) 
and p E T,{J n Li). By increasing if necessary the values of ^1 or r^i, we can assume 
that Y^f^i = Y.Y=i Vj + Y.'jLi f^j and hence r]a + Pa < ^a- By applying Lemma O 
to the truncated sequences Cx[i,n], VXli,n], and pX[i,n], we obtain two sequences 

r/W := (r/i"\ r^r\ . . . , 0,0,.. .) and /i^") := (p^), p^"), . . . , p^:\ 0,0,.. .) 

for which = rij""^ + p^"'^ for all 1 < j < n and 

mm mm 

Vj ^ and pj < /ij"''' for all m < n. 

j=i j=i j=i j=i 

Since < 77^"^ and p^"^ < ^, by the sequential compacteness of the unit ball of ii 
in the w*-topology (as dual of Co), we can find converging subsequences r]^"'''^ — ^ f/, 

to* 

ni^k) _^ It is now easy to verify that ^ = fj + p, that ^ > 0, /i > 0, and that 

to* 

Ei=i^j < Ej=i% and Ei=i/^i < Y!j=i^3 for all ra. It follows from Ejli^i = 
j=iV3 + Lj=i/^i that Lj=i^j = Lj=i^i and Lj=i /^j = Lj=i/^j> and hence 
Y.T=nVj < J2T=n^j Y.T=ni^j ^ Y.T=n l^j all Ti. Let 7]*, /i* bc the decreasing 
rearrangement of f/ and /i. Since ^'^nVj ^ Ylf=nVj fo'^ every n, it follows that 
(^7*)aoo < ^a^, i-e., ?7* G Thus G Similarly, /i G 5(J-°°). But 

then i G + S{J'^) = S{I~^ + J-°°), which proves that ^ G + J-°°) 

and hence (/ + J)~°° C + J~°°. Since the am-cxD closure operation preserves 
inclusions, + J^°° C (/ + concluding the proof. □ 

As a consequence, as in the am-case the collection of all the am-oo closed ideals 
contained in an ideal / is directed and hence its union is an am-cxD closed ideal by the 
am-cx) analog of Lemma [2.1( v). 

Corollary 3.3. For every ideal I, /_oo •= U{^ I ^ C / and J is am-oo closed} is 
the largest am-closed ideal contained in I . 

Notice that I^^o C / fl £1 C and / is am-cxo closed if and only if J_oo = / if and 
only if / = Moreover, is am-00 closed, so aoo-^ C /_oo- The inclusion can 

be proper: consider any ideal I that is am-00 closed but not am-00 stable, e.g., £1. 
Analogously to the am-case, we can identify I^^o for I countably generated. 

Theorem 3.4. If I is a countably generated ideal, then /_oo = a^I- 

Proof. Let rj G S(/_oo)- Since /_oo C iLi, the largest am-00 closed ideal, rj G £*. 
We claim that rja^ G i.e., rj G This will prove that /_oo C a^^^ and 
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hence the equahty. Assume by contradiction that rja^ ^ ^(-^) ^ind as in the proof of 
Lemma [2.81 choose a sequence of generators p^^'^ for S(J) with p^^^ < p(*=+^) and so 
that for every ^ G S(J), ^ = 0{p^™'^) for some m € N. Then there is an increasing 
sequence of indices Uk such that {^^^)nk > k for every k eN. By the summabihty of 

1], we can further request that YTj=nk i+i — \ '^T=nk i+i ^J' ^0^=0 and define 
ij = (^aoc)nfc for Uk^i <j< Uk- Then 

oo oo 

i=j+l i=k+l 

oo oo oo 



2^ 2^ ^™ 

i=ni.+l i=fc+l m=ni+l 

oo oo J^i+l 

oo oo 
< 3 ^ ^/i < 3 ^ 7/i. 

i=nfc+l «=j+l 

Thus ^ G S((77)^°^) C S(/_oo) C On the other hand, for every 777 G N and for 

every k>m, (^)„, > (^)„;, = (^)nfe > k, whence ^ ^ E(/), a contradiction. 

□ 

Precisely as for the am- case we have: 

Theorem 3.5. A countahly generated ideal is am-oo closed if and only if it is am-oo 
stable. 

Now we investigate the operations / and / joooo ^ where is the 

am-oo analog of I°° and will be defined in Definition 13.121 While the statements 
are analogous to the statements in Section [21 the proofs are sometimes substantially 
different. The analog of Lemma [2.121 is given by: 

Lemma 3.6. A sequence C, is the arithmetic mean at infinity r]a^ of some sequence 
r] Eil if and only if ^ E cl and is convex, i.e., (5)n+i < \{{^)n + (5)"+2) for all n. 

The analog of Lemma 12.131 is given by: 

Lemma 3.7. For every principal ideal I, the following are equivalent. 
(i) / is am-oo open, 
ill) I = {r]a^) for some i] E 
(iii) / = (^) for some ^ for which ^ G c*. 

Proof, (i) -v^ (ii). Assume / is am-oo open and that ^ G c* is a generator of /. Then 
/ = Ja^ for some ideal J, i.e., ^ < rja^ for some rj E il such that rja^ E S(J) 
and thus (^) = (rja^). The other implication is a direct consequence of the equality 
iVaoo) = iv)aoo obtained in [TOl Lemma 4.7]. 

(ii) (iii). Obvious as ^ j 0. 

(iii) =^ (ii). Since F = ((1, 1, 0, 0, . . .))a^, we can assume without loss of generality 
that > for all j. Let be the largest (pointwise) convex sequence majorized 
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by ^. It is easy to see that such a sequence ip exists, that ip > 0, and that being 
convex, ip is decreasing, hence € c* and by Lemma [3.61 . uip = rja^ for some t] & i^. 
By definition, ^ > r]a^ and hence {f]aaa) <^ (0 = To prove the reverse inclusion, 
first notice that the graph of ip (viewed as the polygonal curve through the points 
{{n,ipn) I n G N}) niust have infinitely many corners since ipn > for all n. Let 
{kp} be the strictly increasing sequence of all the integers where the corners occur, 
starting with h = 1, i.e., for all p > 1, ipkp-i - V'fcp > "ipkp - V'fcp+i- By the pointwise 
maximality of the convex sequence ip, ipkp = {^)kp for every p G N (including p = 1) 
since otherwise we could contradict maximality by increasing ipkp and still maintain 
convexity and majorization by ^. Denote by Di the operator {Di()j = C,2j for 
C G c*. We claim that for every j, {Di^)j < 211) j. Assume otherwise that there is 

a j > 1 such that (^)2j > 2ipj and let p be the integer for which kp < j < /cp+i. 
Then kp < 2j and also 2j < kp^i because otherwise we would have the contradiction 
2ipj < (5)2j ^ {^)kp+i = V'fcp+i < i^j- Moreover, since kp and kp+i are consecutive 
corners, between them ip is linear, i.e., 

, , , V'fcp+i -'4'kp ^. . kp+i - j j -kp 

and hence 

- kp^, - kp'^'" y kp^j^'^ 2 v^A, " 2 v^A, " ' 

This contradiction proves that Di^ < 2il). It is now easy to verify that for j > 1, 
(J)j < {D^Di^^)j < 2{D3'ip)j and hence J = (^) c {r]a^) because 

< 2uj,{DsiP), < 2{D,uj),{Dsilj), = 2{D3{ujij))j = 2Ds{vaJr 

□ 

Example 3.8. In the proof of the implication (Hi) =^ (ii), one cannot conclude that 
^ = Oijja^)- Indeed consider = for k\ < j < {k + 1)! where it is elementary 

to compute ipj = -^(1 — ) for k\ < j < {k + 1)!. Also, this example shows that 

while in the am-case the smallest concave sequence — that majorizes - (when - is 
monotone nondecreasing) provides also the smallest arithmetic mean rja that majorizes 
C, (see Remark \2.15\( iii)). this is no longer true for the am-oo case. 

We have seen in Lemma 12.141 that the am-interior of a nonzero principal ideal is 
always principal and it is nonzero if and only if the ideal is large enough (that is, it 
contains (cu)). Furthermore, there is always a smallest am-open ideal containing it 
and it too is principal. The next lemma shows that the am-oo interior of a nonzero 
principal ideal is principal if only if the ideal is small enough (that is, it does not 
contain (w)). Furthermore, if the principal ideal is contained in se(a;), which is the 
largest am-oo open ideal, then there is a smallest am-oo open ideal containing it and 
it is principal. 



18 



VICTOR KAFTAL AND GARY WEISS 



Lemma 3.9. For every ^ G c*; 

(a; Ini 5) zfu(^iO 
se{uj) ifuCiO 

(ii) // (0 C se{uj), then (cjuni-) is the smallest am-oo open ideal containing (^). 



(0^ 



Proof, (i) If (^) = F, then also (culni^) = (tuuni^) = F, so assume that ^ ^ 
If (cij) C (.^), then se(u;) = (0°°° because se(u;) is the largest am-cxo open ideal. If 
(io) (/L (^), in particular uj ^ 0{^) and hence Ini ^ G c*. But then by Lemma |3.7[ 
(t^lni^) = iVaa^) for some r] G and since (?7a^) = (?7)a^ by [IQi Lemma 4.7], it 
follows that (culni^) is am-oo open. Since culni^ < ^ and hence (o^lni^) C (^), 
it follows that (cjlni^) C (0°°° • For the reverse inclusion, if C ^ ^{{0°^)^ then 
C < Paoc < MDm^ for some p G ^J, M > and m G N. But then ^ < IniM^ 
because is monotone nonincreasing, and from this and ui < Dm^i < mu, it follows 
that 

Paoo ^ — ~ ^ mMuj Ini ( — I = mMuDm Ini — 

< mMiDm^) Dm Ini — = niMDm Ini — 
\ ujj \ ^ 

where the first equality follows by an elementary computation. Thus C £ S(a;lni ^), 
i.e., (0°°° C (cijlni ^) and the equality of these ideals is established. 

(ii) If (^) C se(co'), then uni ^ G c*, hence (cuuni^) is am-cxo open by Lemma [3771 
Clearly, (^) C (cjuni -) and if (^) C / for an am-cx) open ideal J, then ^ < for 
some G Since is monotone nonincreasing, by the minimality of "uni", 

UJ uni - < and hence iuj uni -) C L □ 

As a consequence of this lemma we see that if (uj) = (^) + (77) but (a;) ^ (^) and 
(uj) (f. [j]) as in Example I2.4( ii). then (ti;)°°° = se(cij) is not principal but 

(0°°° + (^)°°° = ( ^ Ini - ) + ( ^ Ini - ) = ( Ini ^ + Ini ^ 



UJ ) \ UJ J \ UJ UJ ^ 

which is principal. By the same token, a^{,V) + a^iji) 7^ aoo((0 + (^7)) ^^d in view of 
Theorem [321 (O-oo + (r/)-oo 7^ ((0 + (^))-oo. 

^From this lemma we obtain an analog of Corollary 12.161 

Corollary 3.10. Let I he an ideal. Then 
(i) 

E(r~) = {e G S(se(w)) I cuuni^ G 

= {.^ G c* I ^ < Ini — for some r] G S(/ fl sefcj))}. 

/// is am-oo open and ^ G c*, t/ien 
(ii) ^ G S(/) if and only if ujuni- G S(/). 
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Proof, (i) If ^ G then ^ G S(se(cj)) and hence cjuni^ G C by 

Lemma [3^ ii). If ^ G S(se(ct;)) and cuuni ^ G then tuuni ^ G S(/ fl se(co')) and 

f < u; uni - = u; Ini ~ . Thus 

C G S(se(cu)) I cjuni^ G 

C G c* I ^ < Ini — for some r] G S(/ fl se(ct;))}. 

Finally, let ^ G c*, ^ < culni^ for some rj G S(/ fl se(co')). From the inequality 
C < a;uni J < u;lni^, it follows by by Lemma [33]^ i) that ^ G S((r/)°°°) C S(/°°°), 
which concludes the proof. 

(ii) Just notice that ^ < tuuni £ G C S(se(co')). □ 

Now Theorem 12. 171 Definition 12. 181 and Proposition 12.211 extend to the am-oo case 
with proofs similar to the am-case. 

Theorem 3.11. The intersection of am-oo open ideals is am-oo open. 
Definition 3.12. For every ideal I, define 

joooo ._ J I / fl se{uj) C J and J is am-oo open} 



Remark 3.13. Lemma \3. 9[ affirms that if I is principal then is principal if and 
only if (cu) (^) and is principal if and only if (^) C se(co'). 

The next proposition generalizes to general ideals the characterization of J°°°° given 
by Lemma 13.91 in the case of principal ideals. 

Proposition 3.14. For every ideal I, the characteristic set of I°°°° is given by: 
S(r°°°) = 1^ G c* I r/ < uni ^ /or some r] G S(/ n se(cj))|. 

Notice that /°°° C / fl se(u;) C and / is am-cxD open if and only if one of the 
inclusions and hence both of them are equalities. Also, / fl se(a;) C la^ and la^ is 
am-cxD open so I°°°° C la^^- As for the am-case, we see by considering an am-cxo open 
principal ideal that is not am-oo stable that the inclusion may be proper, and by 
considering am-cxo stable ideals that it may become an equality. 

Example 3.15. Let = ^f^t foi" {k — 1)! < j <i k\ for k > 1. Then a direct 
computation shows that (uni£)j = for {k — 1)! < j < k\ and that uni £ x 

Thus by Lemma lSTR {^)°°°° = (Oaoo- On the other hand, ~ ) {k-iy. = k and hence 
^aoo 7^ 0{^). By JW, Theorem 4.12], ^ is oo-irregular, i.e., ^ (Oaoo- 

A consequence of Proposition 13.141 and the subadditivity of "uni" is that for any 
two ideals I and J, J°°°° + J°°°° = (/ + 

Proposition 13.141 also permits us to determine simple sufficient conditions on I 
under which (resp., 1°"°°) is the largest am-oo closed ideal £1 (resp., the largest 
am-oo open ideal se(a;)). 
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Lemma 3.16. Let I be an ideal. 

(i) /// ^ £i, then /-°° = £i. 

(ii) /// ^ se(cj), then /°°°° = se(w). 

Proof, (i) Let ^ G \ fj. Then se{u) = [Oa^ C by fH Lemma 4.7]. Since 
la^ C se(a;) holds generally, Jq^ = se(a;) and thus = se(u;) = Li. 

(ii) Let e S(se(ti;)), set a := uni^, ao = ai, and choose an arbitrary ^ G 
S(/) \ S(se(co')). Then there is an increasing sequence of integers with uq = 
and an e > such that > soUn^ for all A; > L Set fij = and pj = for 
^fc-i < j ^ nk and A; > 1. Then fi, p & c^, fi < ^C,, hence /i G and p = o{uj), 

p < Ciip, hence p G S(/ fl se(co')). Moreover, max{(^)j | Uk-i < j < nk} = auk-i 
and thus (uni-^)^ = for n^.i < j < n^. But then, ct < uni and hence 

7] < auj < tuuni By Proposition I3.14[ 7] G S(J°°°°), which proves the claim. □ 

Finally, it is easy to see that the exact analog of Lemma 12.221 holds. 

4. Soft Ideals 

It is well-known that the product IJ = JI of two ideals / and J is the ideal with 
characteristic set 

E(/J) = {^Ecl\^<T]p for some t] G and p G S(J)} 

and that for all p > 0, the ideal P is the ideal with characteristic set 

(see [7], Section 2.8] as but one convenient reference). Recall also from [TJ Sections 
2.8 and 4.3] that the quotient S(/) : X of a characteristic set S(/) by a nonempty 
subset X C [0, oo)^ is defined to be the characteristic set 

G c* I {{D^^)xy G S(/) for all x G X and m G N}. 

Whenever X = S(J), denote the associated ideal by / : J. A special important 
case is the Kothe dual X^ of a set X, which is the ideal with characteristic set : X. 
In P] and \Wl we introduced the following definitions of soft ideals. 

Definition 4.1. The soft interior of an ideal I is the product se I := IK{H), 
i.e., the ideal with characteristic set 

S(se J) = G c* I ^ < a?7 for some a E c*^, rj E S(/)}. 

The soft cover of an ideal I is the quotient scJ := J : K{H), i.e., the ideal with 
characteristic set 

S(sc /) = G c* K G S(/) for all a G c*}. 

An ideal is called soft-edged ifsel = l and soft- complemented if sc I = I. 
A pair of ideals I d J is called a soft pair if se J = I and sc / = J. 

This terminology is motivated by the fact that / is soft-edged if and only if, for 
every ^ G E(/), one has ^ = 0(77) for some rj G S(/). Analogously, an ideal I is 
soft-complemented if and only if, for every ^ G c* \ S(/), one has 77 = o(^) for some 
r/Gc:\S(/). 
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Below are some simple properties of the soft interior and soft cover operations that 
we shall use frequently throughout this paper. 

Lemma 4.2. For all ideals I, J: 

(i) se and sc are inclusion preserving, i.e., se I G se J and sc / C sc J whenever I G J. 

(ii) se and sc are idempotent, i.e., se(se/) = se/ and sc(sc/) = sc/ and so se / and 
sc / are, respectively, soft- edged and soft- complemented. 

(iii) se / C / C sc / 

(iv) se(sc/) = se / and sc(se/) = sc/ 

(v) se / and sc / form a soft pair. 

(vi) If I G J form a soft pair and L is an intermediate ideal, I G L G J , then I = se L 
and J = scL. 

(vii) If I G J, I = sel , and J = scJ, then I and J form a soft pair if and only if 
scl = J if and only if se J = I. 

Proof, (i) and (iii) follow easily from the definitions. From K{H) = K{HY follows 
the idempotence of se in the first part of (ii) and the inclusion sc(sc/) C sc/, while 
the equality here follows from (iii) and (i). That se(sc/) G I G sc(se/) is immediate 
by Definition 14.11 Applying se to the first inclusion, by (i)-(iii) follows the first 
equality in (iv) and the second equality follows similarly, (v), (vi) and (vii) are now 
immediate. □ 

An easy consequence of this proposition and of Definition 14.11 is: 
Corollary 4.3. For every ideal I , 

(i) sel is the largest soft-edged ideal contained in I and it is the smallest ideal whose 
soft cover contains I 

(ii) scl is the smallest soft- complemented ideal containing I and it is the largest ideal 
whose soft interior is contained in I. 

The rest of this section is devoted to showing that many ideals in the literature 
are soft-edged or soft-complemented (or both) and that soft pairs occur naturally. 
Rather than proving directly soft-complementedness, it is sometimes easier to prove 
a stronger property: 

Definition 4.4. An ideal I is said to be strongly soft- complemented (ssc for short) 
if for every countable collection of sequences {ri'^^'>} G cl \ S(/) there is a sequence of 
indices G N such that ^ ^ S(/) whenever ^ G c* and > 7]^''^ for all k and for all 
1 < i < Uk. 

Proposition 4.5. Strongly soft- complemented ideals are soft- complemented. 

Proof. Let / be an ssc ideal, let t] ^ S(/), and for each G N, set r^*^^) := ^r]. Since 
c c* \ S(/), there is an associated sequence of indices which, without loss 
of generality, can be taken to be strictly increasing. Set Uo = and define ai := \ 

for Uk-i < i < Uk- Then a G and {ari)i > Tqf* for all 1 < z < and all k. 
Therefore arj S(/) and hence, by the remark following Definition 14.11 / is soft- 
complemented. □ 
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Example 14.151 and Proposition 15.31 provide soft-complemented ideals that are not 
strongly soft-complemented. 

Proposition 4.6. (i) Countably generated ideals are strongly soft- complemented and 
hence soft-complemented. 

(ii) If I is a countably generated ideal and if {p^'^^} is a sequence of generators for 
its characteristic set then I is soft-edged if and only if for every k eN there are 

m,k' eN for which p^^^ = o^DmP^'' ■*)■ In particular, a principal ideal (p) is soft-edged 
if and only if p = o{Dmp) for some m G N. If a principal ideal (p) is soft-edged, then 
(p) C £i. 

Proof, (i) As in the proof of Lemma 12.81 choose a sequence of generators p^^^ for 
with p(^') < p('=+i) and such that ^ G S(J) if and only if ^ = 0(p(™)) for some 
m G N. Let {r]*^^^} C c* \ Then, in particular, t]^''^ ^ 0{p^'^^) for every k. Thus 

(k) (k) 

there is a strictly increasing sequence of indices ra^ G N such that rin^ > kpn^ for 
all k. If ^ G c* and for each k, > 7]^^^ for all 1 < i < n^, then for all k > m, 

> Vn^ > kp'uk > kp^r^l Hencc ^ Oip^""^) for each m and thus ^ ^ 
establishing that / is ssc. 

(ii) Assume that / is soft-edged and let G N. By the remarks following Defini- 
tion U]T], p^''^ = o(^) for some ^ G But also ^ = O^D^p^'' ^) for some m and 
k' and hence p^^^ = o(DmP^'' Conversely, assume that the condition holds and let 
^ G Then ^ = 0{DmP^^'') for some m and /c and p'^'^^ = o{Dpp^'' for some p 
and A;'. Since D^Dp = Dmp, one has 



i.e., DmP^^^ = o{Dmpp''^'^), whence ^ G S(se/) and / is soft-edged. Thus, if J is a 
soft-edged principal ideal with a generator p, then p = o{Dmp) for some m G N. As 
a consequence, p^fe < ^p^fc-i for k large enough, from which it follows that p is 
summable. □ 

Next we consider Banach ideals. These are ideals that are complete with respect 
to a symmetric norm (see for instance [71 Section 4.5]) and were called uniform-cross- 
norm ideals by Schatten [20], symmetrically normed ideals by Gohberg and Krein 
and symmetric norm ideals by other authors. Recall that the norm of / induces on 
the finite rank ideal F (or, more precisely, on S{F), the associated space of sequences 
of Co with finite support) a symmetric norming function 0, and the latter permits one 
to construct the so-called minimal and maximal Banach ideals ©^"^ = cl(-F) contained 
in I (the closure taken in the norm of /) and &^ containing / where 

S(6<^) = {e e c: I 0(0 := sup 0((ei, 6, • • • , U 0, 0, ...))< oo} 

E(©J')) = G S(6^) I 0((a,en+i, •••))— 0}. 

As the following proposition implies, the ideals and can be obtained from 
/ through a "soft" operation, i.e., 6^°^ = seJ and &^ = scJ, and the embedding 
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S^"^ C is a natural example of a soft pair. In particular, if 7 is a Banach ideal, 
then so also are se I and sc I. 

Proposition 4.7. For every symmetric norming function (f), 6^"^ is soft-edged, &^ 
is ssc, and C is a soft pair. 

Proof. We first prove that 6^°'' is soft-edged. For every { G S(6^°^), that is, 
^n+i, • • •)) ^ 0, choose a strictly increasing sequence of indices rik with rig — 
for which (/)((^„^+i, ^^^^+2, ■■■))< S"'' and kCn^ I 0- Set Pi := k for all Uk-i < i < Uk 
and rj := Ini P^. Then rj E since 77„^ < PukCuk — ^Cnk ~^ C = ^^l^) because for 

every k and n^-i < n < rik, 

Tjn = mm{pi^i \ i<n} 

i||min l^j-i < i < n^} \ I < j < k — l}, min | rik-i < i < n}| 

= min \ l<j<k-l}, k^n} 

= min{(A;- k^n} 

Furthermore, f] G S(©^°'') which establishes that 6^°^ is soft-edged. Indeed, for all 
h> k > 1, 

h-l 

(t>{{Vnk+l, ■ ■ ■ , ?7nft, 0, 0, . . .)) < ^ 0((?7nj+l, ■ ■ ■ , Vnj+,,0, 0, . . .)) 

j=k 
h-l 

< J](j + l)0((en,+l,...,Wi'O'O'---)) 
j=k 

h-l 

< J](j + l)0((en,+l,en,+2,...)) 

j=k 
h-l 



Thus 



l±l 
2i 



(f){{Vnk+l,Vnk+2, ■■■))= sup 0((77„,+i, 0, 0, . . .)) 



oo 



< > as k — > oo. 



j=k 

from which it follows that (p{{rin, Vn+i, ...))—>■ as n ^ oo. 

Next we prove that &^ is ssc. For every [r]^''^} C c* \ E(6^), that is, 
sup„ 4'{{Vi'\ V2'\ • • • ) 0, 0, . . .)) = oo for each k, choose a strictly increasing se- 
quence of indices rifc G N for which (f)({r]['^\ . . . , rjn^, 0, 0, . . .)) > k. Thus, if ^ G c* 
and for each k, C,i > Vjf'^ for all 1 < i < Uk, then ^2, ■ ■ ■ , Cn^, 0, 0, . . .)) > k and 

hence ^ ^ S(6^), which shows that 6^ is ssc. 
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Finally, to prove that (5^"^ C form a soft pair, in view of Lemma I4.2( vii). 
Corollary I4.3( i) and the first two results in this proposition, it suffices to show that 
se((3^) C Let ^ G E(se(©0)), i.e., ^ < arj for some a G c* and r] G Then 

0((^n, ^n+l, •••))< an0((?7n, ?7n+l, •••))< Ctn^l??) ^ 0, i.e., ^ G ^(©J'^). □ 

Remark 4.8. 

(i) In the notations of [7] and of this paper, Gohberg and Krein [8] showed that the 
symmetric norming function (j){ri) := sup induces a complete norm on the am- 
closure {^)~ of the principal ideal (^) and for this norm 

d{F) = c ci(o c 6^ = (0". 



(ii) The fact that is soft- complemented was obtained in [19^ Theorem 3.8], but 
Salinas proved only that (in our notations) se&^ C p!9l Remark 3.9]. Varga 
reached the same conclusion in the case of the am-closure of a principal ideal with a 
non-trace class generator [211 Remark 3]. 



(ni) By Lemma \4-2( vi), if I is a Banach ideal such that s!^"* did for some 



symmetric norming function \1/ and if (p is the symmetric norming function induced 
by the norm of I on then &^^^ = ©^°^ and &^ = &^ and hence (j) and are 

equivalent (cf. |Hl Chapter 3, Theorem 2.1]). 

(iv) The fact that 6^"'' C is always a soft pair yields immediately the equivalence 
of parts (a)-(c) in [T9l Theorem 2.3] without the need to consider norms and hence 
establish (d) and (e). 

That ©^°'' C ©^ is a soft pair can help simplify the classical analysis of principal 
ideals. In [2, Theorem 3.23] Allen and Shen used Salinas' results [19] on (second) 
Kothe duals to prove that (^) = cl(,^) if and only if ^ is regular (i.e., ^ x ^a, or 
in terms of ideals, if and only if {S,) is am-stable). In [21, Theorem 3] Varga gave 
an independent proof of the same result. This result is also a special case of [71 
Theorem 2.36], obtained for countably generated ideals by yet independent methods. 
A still different and perhaps simpler proof of the same result follows immediately from 
Theorem \2.11\ and the fact that ©^°^ C ©.^ form a soft pair. 

Proposition 4.9. (^) = cl(^) if and only if ^ is regular. 

Proof. The inclusion ©^°'' C (^) = cl(^) C &^ = (^)~ and the fact that (^) is soft 
complemented by Proposition I4.6( i). ©^ is soft complemented by Proposition 14. 7[ 
and ©^"^ C ©0 is a soft pair (ibid), proves by applying the sc operation to the above 
inclusion that (^) = (0 ~ • The conclusion now follows from Theorem 12.111 □ 

Remark 4.10. If {^)^ is countably generated, so in particular if it is principal, by 
Theorem \2.11\ it is am-stable and hence (^)~ = ((0~)a = (Oa = (^a); that 
is regular. This implies that ^ itself is regular, as was proven in [Tj, Theorem 3.10] 
and as is implicit in [21l Theorem IRR] . This conclusion fails for general ideals: we 
construct in [12j a non am-stable ideal with an am-closure that is countably generated 
and hence am-stable by Theorem \2.11\ 
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Next we consider Orlicz ideals which provide another natural example of soft 
pairs. Recall from [TJ Sections 2.37 and 4.7] that if M is a monotone nondecreasing 
function on [0, oo) with M(0) = 0, then the small Orlicz ideal is the ideal with 
characteristic set G c* | ^„ < oo for all t > 0} and the Orlicz ideal Lm 

is the ideal with characteristic set G c* | Y^n^^^^n) < oo for some t > 0}. If the 
function M is convex, then L^-* and Lm are respectively the ideals 6^°'' and for 
the symmetric norming function defined by 

4>{{Ci, 6, • • • , Cn, 0,0,.. .)) := inf I ^ I X] M{t^,) < 1 1. 

Thus, when M is convex, L^^] C form a soft pair by Proposition 14. 7[ In fact, the 
same can be proven directly without assuming convexity for M. 

Proposition 4.11. Let M be a monotone nondecreasing function on [0, oo) with 
M(0) = 0. Then L^^] is soft-edged, Lm is ssc, and ii^^] C £a/ is a soft pair. 

Proof. Take ^ G and choose a strictly increasing sequence of indices G N 

such that Yl'iln +1 ^(^^^i) — 2^'^ and k^n,, i 0- As in the proof of Proposition 14. 7[ 
set no = and /3j := k for all n^.i < i < and rj := lni/5^. Then rj E c*^ and 
= 0(77). Let t > be arbitrary and fix an integer k > t. Then since rj < j3C, and M 
is monotone nondecreasing, it follows that 

00 00 00 i^j 

M{tn-^ < J2 M{k(3,^,) = J2 J2 ^(^•^■^^) 

*=™fc+l j=nf;+l j=k+li=nj-i+l 

00 00 00 

j=A;+l i=raj_i+l j=fe+l 

Therefore 77 G S(£j^°''), which proves tli3jt is soft-edged. 

Next we prove that Lm is ssc. For every countable collection of sequences i]^''^ G 
c* \ S(£m), since (|?7f'^'*) = 00 for all k, we can choose a strictly increasing 

sequence of indices nfc G N such that Yll^=i ^ k. If ,^ G c* and > r]f^ for 

all 1 < i < rifc, then for all m and all > m it follows that 

E^(-^^) ^ E^(^^^) ^ E^(^^J'^) > ^ 

i=l i=l j=l 

and hence ^jM(t^i) = 00 for all t > 0. Thus ^ ^ S(£jj\/), which proves that Lm is 
ssc. 

To prove that L'^^) C £m is a soft pair, since L'^^) is soft-edged and Lm is soft- 
complemented, by Lemma l4.2( vii) it suffices to prove that seiLj\/ C ■ ^ ^ 
S(iLjv/), let to > be such that X]n^(^o'^") ^ ^^"^ ^ ^o- -^^o^ ^^^^^ t > 

choose N so that tan < to for n > N. By the monotonicity of M, X^^at M(tanC,n) < 
00 and hence G S(£^'^^). □ 
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The fact that C £a/ forms a soft pair can simphfy proofs of some properties 
of Orhcz ideals. Indeed, together with [TOl Proposition 3.4] that states that for an 
ideal /, se / is am-stable if and only if sc / is am-stable if and only if C sc /, and 
combined with Lemma [4. 161 below it yields an immediate proof of the following results 
in the equivalence of (a), (b), (c) in Theorem 4.21 and hence the equivalence of 
(a), (b), (c) in Theorem 6.25, the equivalence of (b), (c), and (d) in Corollary 2.39, 
the equivalence of (b) and (c) in Corollary 2.40, and the equivalence of (a), (b), and 
(c) in Theorem 3.21. 

Next we consider Lorentz ideals. If is a monotone nondecreasing nonnegative 
sequence satisfying the A2-condition, i.e., sup ^ < oo, then in the notations of [71 
Sections 2.25 and 4.7] the Lorentz ideal ^0(0) corresponding to the sequence space 
i{(f)) is the ideal with characteristic set 

:= UecU llell^w := $^e«(0n+i - 0n) < ooj. 

A special case of Lorentz ideal is the trace class £i which corresponds to the 
sequence (p = {n) and the sequence space £(0) = £i. 

Notice that £j{(1>) is also the Kothe dual {(0n+i — 4>n)}^ = '■ {(0n+i — 0n)} of the 
singleton set consisting of the sequence {<pn+i — 4>n) (cf. [3 Section 2.8(iv)]). £(0) is 
a Banach ideal with norm induced by the cone norm || ■ ||^((^) on £(0)* if and only if the 
sequence is concave (cf. fH Lemma 2.29 and Section 4.7]), and it is easy to verify 
that in this case £(0)* = = &^ where ifj is the restriction of || ■ to S(-F). 
Thus by Proposition 14. 7^ XL(0) is both strongly soft-complemented and soft-edged. In 
fact, the same holds without the concavity assumption for as we see in the next 
proposition. 

Proposition 4.12. //0 be a monotone nondecreasing nonnegative sequence satisfying 
the /\2- condition, then iL(0) is both soft-edged and strongly soft- complemented. 

Proof. For ^ G S(iL(0)), choose a strictly increasing sequence of indices G N with 
kirik i and Zli^nfe ^^('/'i+i ~ 'Pi) ^ 2"''. As in Proposition |l?7(proof), set rio = 0, 
Pi := k for all n^-i < i < Uk, hence r] = Ini/?^ G c* and ^ = 0(77). Then 

00 00 00 nfc 00 

i i k=l i=nfc_i+l k=l 

whence rj G E(£(0)). Thus ^ G E(se£.(0)) and hence -C(0) is soft-edged. 

Finally, for every sequence of sequences {r]^''^ C cl\ S(£(0)), choose a strictly 
increasing sequence G N such that for all k, X]r=i ^i'^H^i+i "~ ^ ^- Thus if 
^ G c* and > ryl*^^ for all 1 < i < n^, then — 4>i) ^ k and hence 

^ ^ S(£(0)), thus proving that £^(0) is ssc. □ 

In particular, we use frequently that £1 is both soft-edged and soft-complemented. 

As the next proposition shows, any quotient with a soft- complemented ideal as 
numerator is always soft-complemented (cf. first paragraph of this section for the 
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definition of quotient), but as Example 14.151 sliows. even a Kotlie dual of a singleton 
can fail to be strongly soft-complemented. 

Proposition 4.13. Let I be a soft- complemented ideal and let X be a nonempty subset 
of [0,oo)^. Then the ideal with characteristic set S(J) : X is soft- complemented. 

Proof Let ^ G \ : X), i.e., {{DmOx)* ^ for some m G N and x G X. 

As / is soft-complemented, there exists a G c* such that a{{DmC,)^)* ^ ^(-^)- Let tt 
be an injection that monotonizes {DmC)x, i.e., {{{Dmi)x)*)i = ((-DmO^)7r(i) for all i. 
Define 

^ j "T-i(i) ifjG7r(iV) 
^'■"\o if J ^ AN)' 
Then 7 — > and hence uni7 G c*. Thus for all i, 

< (uni7)^(i)(L)m^) 

< (L'^((uni7)0)^(i)X^(i). 

From this inequality, and from the elementary fact that for two sequence p and /i, 

< p < fJ, implies p* < p*, it follows that a{{DmO^)* < ((-Dm((uni7)^))x)*. Thus 
((Dm((uni7)^))x)* S(J), i.e., (uni7)^ ^ : X, proving the claim. □ 

Remark 4.14. IfX is itself a characteristic set, the above result follows by the simple 
identities for ideals I, J, L analogous to the numerical quotient operation "-j- ": 

{I : J) : L = I : (JL) = {I : L) : J 

Indeed if in these identities we set L = K{H) (the ideal of compact operators), we 
obtain sc(/ : J) = I : se J = sc I : J . Thus if I is soft- complemented or J is soft-edged 
it follows that I : J is soft-complemented. As an aside: 

{I : J)J C I C {IJ : J) C I : J 

and each of the embeddings can be proper (see also [19\). 

Example 4.15. The Kothe dual I := {(e")}^ of the singleton {(e")} is soft- 
complemented by Proposition \4-13\ but it is not strongly soft- complemented. Indeed, by 
definition, ^ G if and only if {{DmC){e^))* G (or, equivalently, {DmC){e^) G ^l) 
for every m, which in turns is equivalent to ^^^nC™" < 00 for every m. Choose 
rj E cl such that J2nVnG"' < 00 but J^nVn^'^"' = 00 and hence rj ^ and set 

ijik) ■= Dijj^rj, i.e., i^f"^ = rj^i for alii. As {D2kil^^^)i ^ Vi fori > k, it follows that for 
every k, -D2fc^'''^^ ond hence t]'^^^ are not in Let E N be an arbitrary strictly 

increasing sequence of indices, set = and define := 77-'^^ for n^^i < i < n^. As 
T^e^+i) < ^ it follows that ^ is monotone nonincreasing and for all k, > rj^''^ for 

1 < i < Uk. On the other hand, for all m and for all k >m, 

i=nfc_i+l i=nfc_i+l i=fcnfc_i+l 
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and thus 

oo oo 
i=nm-l+l i=nm-i+l 

which proves that ^ G S(J) and hence that I is not ssc. 

Next we consider idempotent ideals, i.e., ideals for which / = P. Notice that an 
ideal is idempotent if and only if I = P for some p 7^ 0, 1, if and only if I = P for 
all p 0. The following lemma is an immediate consequence of Definition 14.11 the 
remarks following it, and of Definition 14. 4[ 

Lemma 4.16. For every ideal I and p > 0: 

(i) se{P) = {seI)P and sc{P) = (sc/)^ 

In particular, if I is soft- edged or soft- complemented, then so respectively is P. 

(ii) If I C J is a soft pair, then so is P C P. 

(iii) /// is ssc, then so is P. 

Proposition 4.17. Idempotent ideals are both soft-edged and soft- complemented. 

Proof. Let / be an idempotent ideal. That / is soft-edged follows from the inclusions 
I = P G K{H)I = seJ C /. That I is soft-complemented follows from the inclusions 

sc / = sc(/^) = (sc ly C K{H) scl = se(sc /) = se J C / C sc / 

which follows from Lemmas 14.161 and I4.2( iii).(iv). □ 

The remarks following Proposition 15.31 show that idempotent ideals may fail to be 
strongly soft-complemented. 

Finally, we consider the Marcinkiewicz ideals namely, the pre-arithmetic means 
of principal ideals, and we consider also their am-cxo analogs. That these ideals are 
strongly soft-complemented follows from the following proposition combined with 
Proposition I4.6( i) . 

Proposition 4.18. The pre-arithmetic mean and the pre-arithmetic mean at infinity 
of a strongly soft- complemented ideal is strongly soft- complemented. 
In particular, Marcinkiewicz ideals are strongly soft- complemented. 

Proof. Let / be an ssc ideal. We first prove that al is ssc. Let {r/*^'^)} C c* \ 
i.e., {fji''^} C c* \ and let G N be a strictly increasing sequence of indices for 

which if C G c* and Q > [1]^''^)^ for all 1 < i < Uk and all k, then ( ^ Let ^ G c* 

and > for all 1 < i < nfc and all k. But then {^a)i > (^a'^^)i for all 1 < i < 

and all k and hence ^ ^i^), i-e-, ^ ^ 

We now prove that a^o^ is ssc. Let {77*^'^)} C c*\S(a^/). Assume first that infinitely 
many of the sequences r]^''^ are not summable. Since the trace class £-1 is ssc by 
Proposition 14.121 there is an associated increasing sequence of indices G N so that 
if ^ G c* and C,i > Vjf^'^ for all 1 < i < n^, then ^ ^ and hence ^ ^ 

since C £1. Thus assume without loss of generality that all rj^^^ are summable 
and hence ^ Let G N be a strictly increasing sequence of indices for 

which ^ S(/) whenever C ^ c* and Q > {i]all)i fo^ all 1 < z < and all k. For 
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every k and n choose an integer p{k, n) > n for which Xlfin"'' Vi''^ ^ | Xli^n Vi''^- Set 

Nk := max{p(/c, n) | 1 < < n^t + 1}. For any G c* such that > r/j'^'' for all 

1 < i < Nk consider two cases. If C, is not summable then C, ^ trivially. If C, 
is summable, then for all 1 < n < and for all k 



n — ' n — ' n 

i=n+l i=n+l i=n+l 



li 



p(fc,n+l) oo 
i=n+l i=n+l 



and hence ^ S(J), i.e., ^ ^ □ 

That Marcinkiewicz ideals are ssc can be seen also by the following consequence 
of Proposition 14. 7[ If J is a Marcinkiewicz ideal, then I = ^{0 — some 
^ e c*. By Lemma EUSl (0° = (?7a) = {v)a for some ?7 G c*. Thus / = a{{v)a) = {v)~ 
and (r^)" is ssc by Proposition 14.71 and Remark I4.8( i). 

Corollary 16 . 71 and Proposition 16. Ill below show that the pre-arithmetic mean (resp., 
the pre-arithmetic mean at infinity) also preserve soft-complementedness. They also 
show that the am-interior and the am-closure of a soft-edged ideal are soft-edged, 
that the am-interior of a soft-complemented ideal is soft-complemented by Proposi- 
tion [6lTl|, and that the same holds for the corresponding am-cxo operations. However, 
as mentioned prior to Proposition 16.81 (resp.. Proposition 16.111) we do not know 
whether the am-closure (resp., the am-oo closure) of a soft-complemented ideal is 
soft-complemented. Likewise, we do not know whether the am-closure (resp., am-cxD 
closure) of an ssc ideal is ssc. 

One non-trivial case in which we can prove directly that the am-closure of an ssc 
ideal is sec is the following. If / is countably generated, then too is countably 
generated and hence, by Propositions I4.6( i) and I4.18( i). its am-closure /~ is also ssc, 
and then by Lemma [4. 161 so is (/~)^ for any p> 0. The latter ideal is in general not 
countably generated (e.g., if ^ C, E £1, then (^)~ = £i is not countably generated) 
but Lemma [4.191 below shows that nevertheless its am-closure is ssc. 



Lemma 4.19. For every ideal I, 

unT - 




for < p < 1 
for p > 1. 



Proof. Let ^ G S(((/^)p)^). By definition, < rja for some rj G S((/^)p), i.e., 
(z 5](/^), which in turns holds if and only if (?7^/^)a < Pa for some p G S(/). 
Recall from fiSl S.C.l.b] that if p and u are monotone sequences and Pa ^ Va-, then 
{p^)a < {^'^)a for g > 1. Thus, if p < 1, (^^''^)a < iv^^^)a < pa and consequently 
^i/p e s(/-), i.e., ^ G S((/-)P). Thus ((1")^)" C (/^)p, which then implies equal- 
ity since the reverse inclusion is automatic. If p > 1, the inequality {ri^^^)a < Pa 
implies for the same reason that rja < {p^)a- Hence < {ff)a, i-e., ^ G S((/^)~). 
Thus {{I~y)~ C (/^)~, which then implies equality since the reverse inclusion is 
again automatic. □ 
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Proposition 4.20. // / is countably generated and < p < oo, then ((J )^) is 
strongly soft- complemented. 

5. Operations on Soft Ideals 

In this section we investigate the soft interior and soft cover of arbitrary intersec- 
tions of ideals, unions of collections of ideals directed by inclusion, and finite sums of 
ideals. 

Proposition 5.1. For every collection of ideals {I-y,'y G F}; 

(i) n^se/^ Dse(n^/^) 

(ii) Cl^scI^ = sc{f]^Q 

In particular, the intersection of soft- complemented ideals is soft- complemented. 

Proof, (i) and the inclusion f]^sc/^ D sc{f]^^Iy) are immediate consequences of 

Lemma l4.2( i). For the reverse inclusion in (ii), by (i) and Lemma 14.21 (i)-(iv) we 
have: 

sc Pi 1 D Pi D Pi se J-y = Pi se(sc I-y) D se P sc j 

\7/7 7 7 \7/ 



and hence 



sc 




P J-y 1 D SC j se j P SC j j = sc j P sc j D P sc /-y. 



□ 

It follows directly from Definition 14. II that if F is finite, then equality holds in (i). 
In general, equality in (i) does not hold, as seen in Example 15.21 below, where the 
intersection of soft-edged ideals fails to be soft-edged, thus showing that the inclusion 
in (i) is proper. 

Example 5.2. Let^ & be a sequence that satisfies the Ai/2-condition, i.e., sup ^ < 
oo, and let {J^j^gp be the collection of all soft-edged ideals containing the principal 
ideal (^). Then I := A ^■^ '^'^^ soft-edged. Indeed, assume that it is and hence 
^ = oijj) for some rj G By Lemma lUT^ of the next section, there is a sequence 

7 t oo for which 7 < | and /i := 7^ G c*. Then 

(0 C se(/i) C ifi) C iv) C /. 

Then se{fi) G {I-y}^^r, hence I C se(/i), and thus se(/i) = (/i). By Proposition \4.6( ii), 
this implies that /i = o{Dmfi) for some integer m. This is impossible since 
— = < in_ -which implies that u too satisfies the A1/2- condition and hence 

= 0{^), a contradiction. 

Notice that the conclusion that fly A '^o^ soft-edged follows likewise if {/^} is 
a maximal chain of soft-edged ideals that contain the principal ideal (^). Moreover, 
Example 15.21 shows that in general there is no smallest soft-edged cover of an ideal. 
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The next proposition shows that an intersection of strongly soft-complemented 
ideals, which is soft-complemented by Proposition 15. l( ii) . can yet fail to be strongly 
soft-complemented. 

Proposition 5.3. The intersection of an infinite countable strictly decreasing chain 
of principal ideals is never strongly soft- complemented. 

Proof. Let {Ik} be the chain of principal ideals with Ik ^ Ik+i and set / = flfc-^fe- 
First we find generators //'■'^^ G c* for the ideals Ik such that?]'-'^^ > ry(^+^). Assuming 
the construction up to ri^^^\ if ^ is a generator of Ik+i then ^ < MD^r]^''^ for some 
M > and m G N. Set r]^^+^^ := j^Dy^^, where {Di/^^)i = Then r]^''+^^ G c* 
and rj'"'''^^^ < -q^^^ since Di/mDm = id- Moreover, r/('^+^) < -^^ and by an elementary 
computation, < {D2mDi/mC)i for i > m so that (^) C (?^(^+^)) and hence Ik+i = 
(0 — iv^'^'^^^)- By assumption, i]^''^ ^ for all k. For any given strictly increasing 
sequence of indices G N, set Uo = and := t^I^^ for rik-i < i < Uk- Since 
> T^C^+i) for all fc, it follows that ^ G c* and > rj^'^^ for 1 < z < n^. Yet, since 

■Ci ^ Vi''^ for S'll i ^ nk, one has ^ G ^(r]*-'^'') for all k and hence ^ G Thus J is 

not strongly soft-complemented. □ 

Notice that if in the above construction r]^''^ = for some p E cl that satisfies 
the Ai/2-condition, then I = f]k{p^) is also idempotent. This shows that while 
idempotent ideals are soft-complemented by Proposition 14.171 they can fail to be 
strongly soft-complemented. 

Proposition 5.4. For {/^}^gr a collection of ideals directed by inclusion: 

(i) [j^sel^ = se(U^/^) 

In particular, the directed union of soft edged ideals is soft-edged. 

(ii) U^sc/^ Csc(U^/^) 

Proof. As in Proposition 15. (ii) and the inclusion |J^se/^ C se(|J^/^) in (i) are 
immediate. For the reverse inclusion in (i), from (ii) and Lemma [4.2( iii) and (iv) we 
have 



se 



1^/^ j C se j |^sc(se/^) j C se j sc j (^se j j = se j |^se/^ j C |Jse/^. 



□ 

It follows directly from Definition 14.11 that if F is finite, then equality holds in (ii), 
but in general, it does not. Indeed, any ideal / is the union of the collection of all the 
principal ideals contained in I and this collection is directed by inclusion since (rj) C / 
and (p) C / imply that (rj), (p) d {rj + p) <Z I. By Proposition I4.6( i) . principal ideals 
are ssc, hence soft-complemented. Notice that by assuming the continuum hypothesis, 
every ideal / is the union of an increasing nest of countably generated ideals [3], so 
then even nested unions of ssc ideals can fail to be soft-complemented. 

The smallest nonzero am-stable ideal st°-{Li) = lJm=o ~ (^)a'" ^^id the largest 
am-cx) stable ideal sta^(£'i) = nm=o«J£('^i) (^^^ Section [2D play an important role in 
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Proposition 5.5. The ideals s)f:"(£i) and sta^{^i) are both soft-edged and soft- 
complemented, sf^^Li) is ssc, but sta^(£i) is not ssc. 

Proof. For every natural number m, {uj)a^ = (t^^a™) = (^^log"*) is principal, hence 
E(st°(£i)) is generated by the collection{a; log'"}^- Since tulog™ = o{uj\og"^~^^) for 
all m, by Proposition I4.6( i) and (ii), is both soft-edged and ssc. From 

[TUI Proposition 4.17 (ii)], sta^{^i) = fy^^Qii{a(\og^)), where using the nota- 
tions of [71 Sections 2.1, 2.25, 4.7], £(cr(log'")) is the Lorentz ideal with charac- 
teristic set e \ ^(log)"' e ii}. Thus if ^ e S(n^=o'^(^(log'")))' then also 
^ log G E(f]^^g £;(cr(log™'))) and hence sta^(£i) is soft-edged. By Propositions 14.121 
and I5.1( ii). sta^{^i) is soft-complemented. However, sta^(£i) is not ssc. Indeed, 
set r/^'^) := uj{\og)~K Then t]^''^ ^ E(st„^(£i)) for all k, but t]^''^ G E(£(a(log'=-^))) 
for each k > 2. For any arbitrary sequence of increasing indices n^, set Hq = and 
:= {ri^^^)j for rik-i < j < Uk- Then > {ri^^'')j for I < j < but also < {ri^^'')j 
for ] > Uk. Thus i G S(L(a(log'=~^))) for all k > 2, hence ^ G ^{sta^{Li)) which 
shows that sta^(£i) is not ssc. □ 

Now consider finite sums of ideals. Clearly, K{H){I + J) = K{H)I + K{H)J, i.e., 
se(J + J) = se J -|- se J and hence finite sums of soft-edged ideals are soft-edged. 

The situation is far less simple for the soft-cover of a finite sum of ideals. The 
inclusion sc(/ + J) D scJ + sc J is trivial, but so far we are unable to determine 
whether or not equality holds in general or, equivalently, whether or not the sum of 
two soft-complemented ideals is always soft-complemented. We also do not know if 
the sum of two ssc ideals is always soft-complemented. However, the following lemma 
permits us to settle the latter question in the affirmative when one of the ideals is 
countably generated. Recall that if < A G Co, then A* denotes the decreasing 
rearrangement of A. 

Lemma 5.6. For all ideals I, J and sequences ^ & c^: 

^GS(/ + J) if and only if (max((^ - p), 0))* G /or some p G S( J). 

Proof If ^ G S(/ + J), then ^ < C + P for some C e S(/) and p G S(J). (Actually, 
one can choose ( and p so that ^ = C + P but equality is not needed here.) Thus 
^ — p < C, and so max((^ — p), 0) < (. But then, by the elementary fact that if for 
two sequence < z/ < p, then u* < p*, it follows that max((^ — p), 0)* < C* = C 
hence (max((^ — p), 0))* G S(J). Conversely, assume that (max((^ — p), 0))* G S(/) 
for some p G S( J). Since < ^ < max((^ — p), 0) + p, 

e = r < (max((e - p), 0) + p)* < D2(max((e - p), 0)*) + D^p G S(/ + J), 

where the second inequality, follows from the fact that (p + p)* < -D2P* + -D2P* for 
any two non-negative sequences p and p, which fact is likely to be previously known 
but is also the commutative case of a theorem of K. Fan [SI II Corollary 2.2, Equation 
(2.12)]. □ 

Theorem 5.7. The sum I + J of an ssc ideal I and a countably generated ideal J is 
ssc and hence soft-complemented. 

Proof. As in the proof of Lemma 12.81 there is an increasing sequence of generators 
p{k) < p{k+i) ^YiQ characteristic set S(J) such that p G S(J) if and only if 



SOFT IDEALS AND ARITHMETIC MEAN IDEALS 



33 



fj, = 0{p^^'^) for some integer m. By passing if necessary to the sequences kp^'^\ 
we can further assume that /x e E( J) if and only if yU < p^"^^ for some integer m. Let 
(3 c*\S(/ + J). By Lemma [53t for each fc, (max((?7('') — p^'')), 0))* ^ so, in 
particular, iqf^ > p^^ for infinitely many indices i. Let vr^t : N ^ N be a monotonizing 
injection for max ((^(fc) _pW)^0), i.e., for all i G N, 

(,„ax - ,«).0))-^,„ax - .«)-°)).,.r ("'" - ^")..„, 

Since J is ssc, there is a strictly increasing sequence of indices ra^ G N such that if 
C e c* and > (max((r/W - p('=)),0))* for all 1 < z < n^, then C Choose 
integers A^a; > max{7rfe(i) | 1 < i < n^} so that A^^^ is increasing. We claim that if 
C e cl and > 7]f^ for all 1 < i < A^'^ and all k, then ^ ^ S(/ + J), which would 
conclude the proof. Indeed, for any given m G M and for each k > m, 1 < j < 71^ 
and 1 < < J, it follows that 7rk{i) < A^fc and hence 



> (^max (^(^r^^'^) -p(^)),0 



Thus there are at least j values of — p^''^^)n that are greater than or equal to 
(max((?7('^) - p('=)),0))* and hence (max((^ - p(™)),0))* > (max((?7W - p('=)),0))*. 
By the defining property of the sequence {n^}, (max((^ — p*^'"^),0))* ^ for 
every m. But then, for any p G S(J) there is an m such that p < p*^™"-* so that 
(max((^ - p), 0))* > (max((^ - p^"^)), 0))* and hence (max((^ - p), 0))* ^ By 
Lemma [5.61 it follows that ,^ ^ S(/ + J), which concludes the proof of the claim and 
thus of the theorem. □ 



6. Arithmetic Means and Soft Ideals 

The proofs of the main results in [lOl Theorems 7.1 and 7.2] depend in a crucial 
way on some of the commutation relations between the se and sc operations and 
the pre and post-arithmetic means and pre and post arithmetic means at infinity 
operations. In this section we shall investigate these relations. We start with the 
arithmetic mean and for completeness, we list the relations already obtained in [TOj 
Lemma 3.3] as parts (i)-(ii') of the next theorem. 

Theorem 6.1. Let I be an ideal. 

(i) sc al C a(sc/) 

(i') sCa/ = a(scJ) if and only if u ^ T,{sc I) \T,{I) 

(ii) sela C (se/)a 

(ii') se la = (se I)a if and only if I = {0} or I (t Li 

(iii) sc la D (sc I)a 

(iv) ssal D a(se J) 

(iv') sCaJ = a(se/) if and only ifuJ^T,{I)\ S(se/). 

The "missing" reverse inclusion of (iii) will be explored in Proposition 16. 8[ The 
proof of parts (iii)-(iv') of Theorem 16.11 depend on the following two lemmas. 
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Lemma 6.2. 

(i) Fa = (£i)a = (uj) and ^(t^) = £i 

Consequently (uj) and Li are, respectively, the smallest nonzero am-open ideal and 
the smallest nonzero am-closed ideal. 

(ii) {0} = q/ if and only if ^ al if and only if uj ^ 

(iii) Hi = al if and only if uj E S(J) \ S(se/) 

(iv) £ji ^ if and only if uj G S(se/) 

Proof. Notice that r]a ^ uj for every 7^ r/ G £^ and that uj = o{ria) for every rj ^ £1. 
Thus (ii) and the equahties in (i) foUow directly from the definitions. Recall from the 
paragraphs preceding Lemma [2.11 that an ideal is am-open (resp., am-closed) if and 
only if it is the arithmetic mean of an ideal, in which case if it is nonzero, it contains 
Fa = (uj) (resp., if and only if it is the prearithmetic mean of an ideal, in which case 
by (ii), it contains £1). Thus the minimality of (uj) (resp., £1) are estabhshed. (iii) 
follows immediately from (ii) and (iv). 

(iv) Assume first that £1 ^ „/. Then £1 C seal since Li is soft-edged (Proposi- 
tion U]T2D and hence by (i), 

(uj) = {Li)a C (se„/)a = se{{al)a) = sc /° C sc / 

where the second equality follows from Theorem I6.1( ii^) applied to which is not 
contained in £1. Conversely, assume that uj G S(se/), i.e., uj = oirf) for some 
rj G S(J). Then Li C a-^ by (ii). It follows directly from the definition of Ind 
(see paragraph preceding Lemma l2.14p that uj = 0(0; Ind-). By Lemma l2.14( i). 
cjlnd^ G S(/°), i.e., wlnd^ < p„ G S(/) for some p G S(„/). But p ^ il since 
UJ = o{pa) and hence £1 7^ qJ. □ 

Lemma 6.3. For rj E and < (3 ^ 00, there is a sequence < 7 < /? with 7 | 00 
for which '-frj is monotone nonincreasing. 

Proof. The case where rj has finite support is elementary, so assume that for all i, 
rji > 0. By replacing if necessary (3 with Ind (3 we can assume also that (3 is monotone 
nondecreasing. Starting with 71 := jSi, define recursively 

7„ := —mm{-fn-ir]n-i,PnVn)- 

Vn 

It follows immediately that 7 < /3 and that 777 is monotone nonincreasing. Moreover, 
In > 7n-i for all n since both /3„ > > 7„_i and 7„_i^^^ > 7n-i- In the case 
that 7„ = (3n infinitely often, then 7 — 00. In the case that 7„ 7^ (3n for all n > m, 
then 7„?7„ = 'jn-iVn-i and so also 7„ = ^7™ 00 since r]n ^ and rjm'Jm 7^ 0. □ 

'In 

Proof of Theorem \6.1[ (i)-(ii') See pUl Lemma 3.3]. 

(iii) If ^ G S((sc/)a), then ^ < rja for some rj G S(sc/). So for every a G c*, 
arj G E(/) and aC, < arja < {ari)a G S(/a), where the last inequality follows from the 
monotonicity of a. Thus ^ G S(sc/a). 

(iv) Let ^ G S(a(se/)), i.e., ^a < curj for some a G c* and rj G S(/). Since 
(^Oa — ^ V ^ ^^l whcrc the first inequality follows from the monotonicity of 
a, by Lemma 16.31 there is a sequence 7 t 00 such that 7 < ^ and 7^ is monotone 
nonincreasing. Thus (7^0 ^ ^(-^)) i-^-, 7^ G S(a/), and hence ^ G S(sea/). 
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(iv') There are three cases. If ^ then by Lemma [6.2( ii). both = {0} 

and a(se/) = {0} and hence the equahty holds. If c<j G \ S(se/), then Li = 
by Lemma iG^ iii) and hence seal = since £i is soft-edged by Proposition 14.121 
But a(se/) = {0) by Lemma [6.2( ii). so the inclusion in (iv) fails. For the final case, 
if u; e S(se/), then by Lemma [6^ iv). £1 ^ al- Let ^ G S(sea/), i.e., ^ = o{r]) for 
some 1] G By adding to rj, if necessary, a nonsummable sequence in S(aJ), we 

can assume that rj is itself not summable. But then it is easy to verify that C,a = o{ria), 
i.e., £ S(se/) and hence ^ G S(a(se J)). □ 

Now we examine how the operations sc and se commute with the arithmetic mean 
operations of am-interior 1° := {al)a and am-closure /~ := a(-^a)- 

Theorem 6.4. Let I be an ideal. 

i) sc/" D (sc/)" 

ii) se/" = (se/)" 
lii) sc/° C (sc/)° 

iii') sc r = (sc ly if and only if u ^ S(sc /) \ S(/) 
iv) se/° D (se/)° 

iV) se/° = (se/)° if and only if u ^ T.{I) \ T.{sel) 

Proof, (i) The case / = {0} is obvious. If / 7^ {0}, then oj G S(/a) and hence, by 
Theorem I6.1( i^) and (iii), it follows that 

sc/" = SCa(/a) = a(sc/a) D a((sc/)a) = (sc/)". 

(ii) There are three possible cases. The case when / = {0} is again obvious. In 
the second case when {0} 7^ / C £1, then /" = Li and (se/)" = Li since £1 is 
the smallest nonzero am-closed ideal by Lemma I6.2( i). Since Li is soft-edged by 
Proposition I4.12[ se/" = £1, so equality in (ii) holds. In the third case, / ^ Li. 
Then Li ^ /" and uo G S(se/a) by Lemma [6.2( iv). Then 

se/" = Sea(/a) = a(se(/a)) = a((se/)a) = (sc/)" 

where the second and third equalities follow from Theorem I6.1( iv^) and (ii'). 

(iii) Let ^ G S(sc/°) and let a G c*. By the definition of "und" (see the paragraph 
preceding Lemma I2.14p it follows easily that auo und ^ < u und ^ and by Corol- 
lary [2T6|, that cijund^ G S(/) since G S(/°). Thus atuund^ G S(/) and hence 
tuund^ G S(sc/). But then, again by Corollary 12.161 ^ G S((sc/)''). 

(iii')"lf ^ S(sc /) \ S(/), then 

sc/° = sc{J)a D (sc(,/)), = („(sc/)), = (se/)" 

by Theorem I6.1( iii) and (i'). If on the other hand uo G S(sc/) \ S(/), then by 
Lemma l6.2( ii) a(sc/) 7^ {0} and hence (sc/)° 7^ {0), while „(/) = {0} and hence 
sc(/)° = {0}. 

(iv) and (iv'). There are three possible cases. \i uj ^ S(-^); then 1° = {0} by 
Lemma l6.2( ii) and so sel° = {0} and (se/)° = {0}, i.e., (iv') holds trivially. If 
u G S(/) \ E(se/), then /° ^ {0} and (se/)° = {0} again by Lemma O^ii). But 
then sel" 7^ {0}, so (iv) holds but (iv') does not. Finally, when uj G S(se/), then 
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'Ci ^ a-^ by Lemma [6l2] (iv) and hence 

ser = seU), = (seU))„ = U(se/)), = (se/)" 
by Theorem l6.1( iiM and (iv'). □ 

We were unable to find natural conditions under which the reverse inclusion of 
Theorem I6.4( i) holds (see also Proposition 16.81) . nor examples where it fails. 

Corollary 6.5. 

(i) // / is an am-open ideal, then sc / is am-open while se I is am-open if and only if 

(ii) /// is an am-closed ideal, then sc I and se / are am-closed. 

Proof, (ii) and the first implication in (i) are immediate from Theorem 16. 4[ For the 
second implication of (i), assume that I is am-open and that 0^1^ (u). Then 
by Lemma lUTW i). (uj) ^ / and £i = a{^) C al- But £i ^ follows from {£ji)a = 
(uj) ^ I = {al)a- Then u G S(se/) by Lemma [6^ iv). hence seJ = se/° = (se/)° 
by Theorem I6.4( iv') and thus se/ is am-open. If J = {0}, then se/ = {0} too is 
am-open. If / = (c<j), then se / ^ (cu) cannot be am-open, again by Lemma [612^ 1). □ 

For completeness' sake we list also some se and sc commutation properties for the 
largest am-closed ideal /_ contained in / and the smallest am-open ideal I°° containing 
/ (see Corollary 12.61 and Definition 12. ISp . 

Proposition 6.6. For every ideal I : 

(i) sc/_ = (sc/)_ 

(ii) se/_ C (se/)_ 

(iii) sc/°° D (sc/)°° 

(iv) se/°° C (se/)°° 

(iv') se/"° = (se/)°° if and only if either I = {0} or I (u) 

Proof, (i)-(iii) Corollary 16.51 and the maximality (resp., minimality) of /_ (resp., I°°) 
yield the inclusions sc/_ C (sc/)_, se/_ C (se/)_, and sc/°° D (sc/)°°. From the 
second inclusion it follows that 

se((sc/)_) C (se(sc/))_ = (se/)_ C /_ 

and hence 

(sc/)_ C sc(sc/)_ = sc(se((sc /)_)) C sc/_ 
so that equality holds in (i). 

(iv) li rj G S((se/°°), then by Proposition 12.211 rj < atuund^ for some ^ G S(/) 
and a G c*. As remarked in the proof of Theorem I6.4( iii) . it follows that rj < u und ^ 
and hence rj G S((se/)°°), again by Proposition 12.211 

(iv') There are three cases. If / = {0}, (iv') holds trivially. If {0} 7^ / C {u), then 
by the minimality of {u) among nonzero am-open ideals, /°° = (u) and (se/)°° = (a;), 
so the inclusion in (iv') fails. If / ^ (cu), then I°° 7^ (u) and hence by Corollary 16. 5( i). 
se/°° is am-open and by minimality of (se/)°°, (iv') holds. □ 

It is now an easy application of the above results to verify that the following am- 
operations preserve softness. 
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Corollary 6.7. 

(i) /// is soft- complemented, then so are J, 1° , and I . 

(ii) /// is soft-edged, then so are 1° , and I~ . 

(iii) /// is soft-edged, then la is soft-edged if and only if either I = {0} or I (t Li. 

(iv) /// is soft-edged, then I°° is soft-edged if and only if either I = {0} or I {uj). 

Several of the "missing" statements that remain open are equivalent as shown in 
the next proposition. 

Proposition 6.8. For every ideal I , the following conditions are equivalent. 

(i) SC/a C (sc/)a 

(ii) (sc/)a is soft- complemented 

(iii) (sc/)~ is soft- complemented 

(iv) sc/^ C (sc/)^ 

Proof. Implications (i) ^ (ii) ^ (iii) ^ (iv) are easy consequences of Theorem 16.11 
and Corollary 16. 7[ We prove that (iv) ^ (i). The case / = {0} being trivial, assume 
/ 7^ {0}. Then oj G S(Ja), hence sc/^ D aSc(/a) by Theorem 16. l( i^). Moreover, since 
la is am-open, then so is sc/a by Corollary 16. 5[ i.e., sc = (sc/a)°. Then 

SC/a = (a(sc/a))a C (sc/")a C ((sc/)~)a = (sc/)^, 

the latter equality following from the general identity {a{.Ja))a = Ja- D 

Now we investigate the relations between arithmetic means at infinity and the se 
and sc operations and we list some results already obtained in (TUl Lemma 4.19] as 
parts (i) and (ii) of the next theorem. 

Theorem 6.9. For every ideal I ^ {O}.' 

(i) SCa^J = aoo(sc/) 

(ii) se/a^ = (se/)a^ 

(iii) ScJa^ D (sc/)a^ 

(iv) sea^J = a^(se/) 

Proof, (i)-(ii) See ^ Lemma 4.19]. 

(iii) If ^ G S((sc/)a^), i < r]aac for some r] G S(sc J n £i). In [101 Lemma 4.19 
(i)] (proof) we showed that for every a G c*, arja^ < {oi'vi)a^ for some a' G c*. But 
then a'r] G S(J n £i) and so < {a'r])a^ G S(/aoo)> i-e-, C ^ S(sc/a^). 

(iv) Let ^ G S(se(j^/), then ^ < ar] for some o; G c* and r] G S(a^/). But then by 
the monotonicity of a, < {a7])a^ < ar]a^ G E(se/). Thus ^ G S(a^(seJ)) which 
proves the inclusion sea^J C ^^(se/). 

Now let ^ G S(a^(se/)), i.e., < ar] for some a G c* and 77 G S(/). We construct 
a sequence 7 j 00 such that 7^ is monotone nonincreasing and (7^000 — V- Without 
loss generality assume that 7^ and hence a„ 7^ for all n. We choose a strictly 
increasing sequence of indices Uk (with rio = 0) such that for k > 1, < 2^^^"^ and 

^- = 2*= for nk<n< Uk+i. Then for all A; > 
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and rik < n + 1 < n^j^i we have 

oo nfe_|_i "■fe+3 

n+1 n+1 n^+i+l nfc+2+1 

"fc+i / oo oo oo 

<2^^e^ + 2^+M e. + 2 e. + 2^ E ^^ + -- 

n+1 ynfe+i+1 t^fc+a+l 

Tifc+l 00 00 

n+1 nfe+i+1 n+1 

^00 ^00 

1 \ ^ 1 X ^ \ 

< Z^^i< Z^^» = (^aoo)n < nr]n. 

"nfc n+1 n+1 

This proves that (/30aoo ^ Now Lemma [631 provides a sequence 7 < /3, with 7 | 00 

and 7^ monotone nonincreasing, and hence (70aoo ^ (/^Oaoo ^ Thus 7,^ G 

and hence ^ = ^(7^ e S(sea^/). □ 

The reverse inclusion in Theorem l6.9( iii) does not hold in general. Indeed, whenever 
-^floo = se(to') (which condition by [TOl Corollary 4.9 (ii)] is equivalent to 
/~°° = aoo(-^aoo) = -^1 cind in particular is satisfied by / = £1), it follows that 
scJq^ = {uj) while (sc/)a^ C se(c<j). We do not know of any natural sufficient 
condition for the reverse inclusion in Theorem I6.9( iii) to hold. 

Many of the other results obtained for the arithmetic mean case have an analog for 
the am-cx) case: 

Theorem 6.10. For every ideal I: 
i) sc/~°° D (sc/)- 
n) se/-°° = (se/)- 

iii) sc/°°° D (sc/)' 

iii') scJ°°^ = (sc/)°°° if and only z/sc/"°° C se(u;) 

iv) se/°°° = (se/)' 



-00 
-00 

\ooo 



\ooo 



Proof, (i), (ii), (iii), and (iv) follow immediately from Theorem 16. 9[ 

(iii') Since every am-00 open ideal is contained in se(to'), it follows that 
gpjooo ^ (sc/)°°° c se(c<;). Assume now that sc/°°° C se(u;), let ^ G S(sc/°°°), 
and let a G c*. Since ^ = 0(0;), there is an increasing sequence of integers with 
rzo = for which (uni = {^)nk ^^i Uk-i < j < Define aj = ai for 1 < j < ni 
and aj = ar^. for < j < n^+i for k > 1. Then a G c* and for all A; > 1 and 

a uni — = a j — < cxm _i — = — < uni — < uni — 

Since G S(/°°°) by hypothesis, it follows that cjuni^ G S(/) by Corollary ElOl 
But then acjuni- G S(/) for all a G c*, i.e., tuuni- G S(sc/). Hence, again 
by Corollary El^ ^ G S((sc/)°°°) and hence sc/°°° c'(scJ)°~. By (in) we have 
equality. □ 
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The necessary and sufficient condition in Theorem 16.101 (iii') is satisfied in the case 
of most interest, namely when / C £i. As in the am-case, we know of no natural 
conditions under which the reverse inclusion of (i) holds nor examples where it fails 
(see also Proposition 16. 8p . In the following proposition we collect the am-cxo analogs 
of Corollary 16.51 Proposition 16.61 and Corollary 16.71 Recall by Lemma 13.161 that 
joooo _ gg(^|^^ fQj. Q^yjy ideal I (/l se(u;). 

Proposition 6.11. Let I ^ {0} he an ideal. 
If I is am-oo open, then so is sel. 

If I is am-oo open, then scl is am-open if and only if sc I C se(ti;). 

ii) /// is am-oo closed, then so are sel and scl. 

iii) se/°°°° = {seiy°°° 

iv) sc/°"°° D (scJ)°°°° 

v) se/_oo C (se/)_oo 

vi) sc/_oo = (sc/)„oo 

vii) /// is soft- edged, then so are a^I , h^, I~^ , I°°° , and /°°~. 

viii) If I is soft- complemented, then so is aa^I and /_oo- 

viii') If I is soft- complemented, then I°°° is soft- complemented if and only if 

scJ°°° C se{uo). 

Proof, (i) Immediate from Theorem 16. lO( iv). 

(i') If scJ C se(u;) then scJ = {scl)°°° by Theorem I6.10( iii^) and hence scl is 
am-oo open. The necessity is clear since se(ci;) is the largest am-cxD open ideal. 

(ii) sel is am-cxo closed by Theorem I6.10( ii). By Theorem I6.10( i) and the am-cxo 
analog of the 5-chain of inclusions given in Section [2], 

sc / = sc /-°° D (sc /)-°° D sc / n £i = sc /, 

where the last equality holds because Li is the largest am-oo closed ideal so contains 
/, and being soft-complemented it contains sc J. 

(iii) By (i), se /°°°° is am-oo open and by Definition 13 .121 and Proposition lS.ll and fol- 
lowing remark, it contains se(Jnse(to')) = se Jnse(ti;), hence it must contain (se/)°°°°. 
On the other hand, if ^ G S(se /°°°°)^ then by Proposition 13. 141 there is an a G c* and 
T] G S(J n se(ci;)) such that ^ < auoxmi Then, by the proof in Theorem I6.10( iii^). 
there is an a G c* such that aunm. ^ < cjuni Since ar/ G S(se/ fl se(u;)). Propo- 
sition [3]T1] yields again ^ G S((se/)°°°°) which proves the equality in (iii). 

(iv) Let i G S((sc/)°°°°). By Proposition EH there is an G S((sc/) n se(u;)) 
such that ^ < cjuni^. Then, by the proof in Theorem I6.10( iii0. for every a G c* 
there is an a G c* such that < atuuni ^ < cjuni As arj G S(J fl se(c<j)), again 
by Proposition Ell G S(/°°°°) and hence ^ G S(sc(/°°°°)). 

(v) This is an immediate consequence of (ii). 

(vi) The inclusion sc/_oo C (sc/)_oo is similarly an immediate consequences of (ii). 
The reverse inclusion follows from (v) applied to the ideal sc /: 

se(scJ)_oo C (sesc/)_oo = (seJ)_oo C /_oo 

hence 

(scJ)_oo C sc(sc/)_oo = sc(se(sc/)_oo) C SC/_oo- 
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(vii) The first two statements follow from Theorem 16.91 (iv) and (ii), the next two 
from Theorem I6.10( ii) and (iv), and the last one from (iii). 

(viii) , (viii') follow respectively from Theorem I6.9( i) and Theorem 16. lO( iii^) . 

□ 
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